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The project: 

Superfluidity is a fascinating and exotic state of matter that originates because the coexistence 
of classical and quantum effects at very low temperatures. A superfluid is a liquid distinguished 
from a classical fluid essentially by the absence of molecular viscosity. The main consequence is 
that an object that moves through it at low velocity does not experience any drag. Examples of 
superfluids are 3He and 4He, Bose-Einstein condensates (BEC) made of dilute alkaline gases, 
light in optical non-linear systems and the core of neutron stars. The applications of superfluids 
range from cooling superconducting materials and infrared detectors, to pure fundamental 
research in cold atoms and turbulence. The most manifest quantum effect in superfluid 
turbulence is the presence of quantum vortices. Such vortices are like atomic tornados, with a 
circulation that is quantised. In systems such as 3He and 4He 
and atomic BECs, quantum vortices behave as hydrodynamic 
vortices, reconnecting and rearranging their topology, 
creating in this way complex vortex tangles.

Over the last decades, thanks to the development of new 
experimental techniques, particles and impurities have been 
successfully used in superfluids to visualise quantum 
vortices. Such particles get trapped by the vortices and 
interact in a highly non trivial manner. They excite waves on 
the vortices that then act back on the particle.  A typical 
visualisation of such configuration is shown in the image.

This master project aims at understanding the dynamics of 
trapped particles in superfluid vortices and how they excite 
waves on the vortices. This problem will help to understand 
the dynamics of such objects in current experiments with 
superfluids. The problem will be addressed numerically in the 
framework of the Gross-Pitaevskii model in order to test 
some preliminary theoretical predictions. The successful 
applicant will use and modify the existent numerical codes already developed in the team. The 
project will be carried on in collaboration with Gustavo Düring from Pontificia Universidad 
Católica de Chile.

Applicant profile:
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where ϕ̂ is the azimuthal versor and x⊥ = (x, y, 0). Similarly, in the following we will denote q⊥ = (qx, qy, 0) and 
q⊥ = |q⊥|. !e close path � surrounds the vortex, whose circulation is thus given by κΓ. We will consider κ = ±1 
because it is the only stable solution. Note that the vortex core size is given by the healing length ξ, ρv and vv are 
radial functions and ρv → ρ∞ away from the vortex28.

When a particle is present, the ground state (without vortices) corresponds to a "at condensate with a strong 
density depletion at places where V x q( )p µ| − | > . A good approximation when ξap �  is given by the 
!omas-Fermi ground state that is obtained neglecting the kinetic term. It reads
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with θ the Heaviside function. !e size of the particles is thus roughly determined by the relation Vp(ap) ≈ µ. !e 
results presented in this work are independent of the functional shape of Vp, provided that it is isotropic.

In numerics, we express the particle mass as M Mp 0%= , where M0 is the mass of the displaced super"uid. 
Therefore, neutral-mass particles have 1% = , heavy particles have 1% >  and light particles have 1<$ . 
Lengths are expressed in units of ξ, times in units of τ = ξ/c, velocities in units of c and energies are normalised by 
M c0

2. Details on the numerical implementation and the particular choice of Vp are given in Methods.

Interaction between particles and quantum vortices. We begin by presenting some numerical exper-
iments where a particle is attracted and captured by a vortex. We integrate the model (2) in a 3D periodic domain 
of size L = 256ξ with an initial condition consisting of one particle at rest and one straight vortex initially sepa-
rated by a distance q q0 ξ=⊥ � . !e domain contains image vortices in order to preserve periodicity that are not 
displayed in #gures. !eir e$ect on the particle has been checked to be negligible. Snapshots of the super"uid 
density #eld with the particle at di$erent times are displayed in Fig. 1. !e top row refers to a relatively small 
particle (ap = 7.6ξ), while the bottom row to a large one (ap = 23.5ξ). Both particles have a neutral relative mass 

= 1% . Note that hydrogen particles used for visualization of quantum vortices in super"uid helium have a rel-
ative mass 0 7% ∼ .  and a typical size of ξ∼a 10p

3 . Simulating such particle size is not achievable numerically, 
however a clear di$erence is already observed for our large particle. In both cases, the particle is attracted by the 
vortex. Before the merging, while the particle is moving closer to the vortex, a deformation of the vortex line is 
observed. Such deformation is a cusp regularised at the scale of the healing length by the dispersion of the GP 
equation. Initially, the cusp develops perpendicularly to the particle velocity. Later, it curves towards the particle, 
until the contact point the vortex separates into two branches. !e two contact points then slide on the particle 
surface towards opposite directions. !e oscillation of the trapped particle excites helicoidal waves on the #la-
ment. Such waves, that propagate along the vortex line, are known as Kelvin waves. We note that the vortex defor-
mation is less marked for smaller particles and the amplitude of Kelvin waves increases with the particle size. A 
similar behaviour has been already observed in the hydrodynamical model adopted in refs15,29,30, as well as in the 

Figure 1. Snapshots of the super"uid density and a neutral-mass particle during the trapping (times varies 
from le& to to right). Vortices are displayed in red, particles in green and sound waves are rendered in blue. Top: 
small particle (ap = 7.6ξ). Bottom: large particle (ap = 23.5ξ). Images were produced with VAPOR rendering 
so&ware.

A particle (in green) trapped by a 
quantum vortex (in red) simulated by 
the Gross-Pitaevskii model.
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Applicants should have a good background in fluid mechanics and numerical methods. After the 
master internship completion, the successful applicant is expected to have learned about 
superfluids, vortex and particle dynamics and to develop skills on numerical methods and data 
analysis.

Research environment:

The successful applicant will join the ANR GIANTE project led by Giorgio Krstulovic, a CNRS 
researcher at the Fluid and Plasma Turbulence group of  Laboratoire J.L. Lagrange hosted by 
Observatoire de la Côte d’Azur (https://www.oca.eu/en/fluid-home).  The group is composed of 
experts in classical and quantum turbulence, magnethodrodynamics, wave turbulence, plasmas, 
particle transport, applied mathematics and computational fluid dynamics.

Enquiries and Application Process

To apply for this master project or further discussion, please contact Giorgio Krstulovic 
(krstulovic_at_oca.eu) in the first instance. You may then be asked to provide complementary 
documentation.

Please visit the webpage of the ANR GIANTE for other possible internships. 
https://gkrstulovic.gitlab.io
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