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Stability of stationary solutions in acoustic wave turbulence
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We study the stability of steady-state solutions of the Wave Kinetic Equations for acoustic waves. Com-
bining theoretical analysis and numerical simulations, we characterise the time evolution of small isotropic
perturbations for both two- and three-dimensional equilibrium Rayleigh-Jeans and nonequilibrium Kolmogorov-
Zakharov solutions. In particular, we show that the stability of these solutions is ensured by different

mechanisms.

DOI: 10.1103/j1hs-b71h

I. INTRODUCTION

From ocean surfaces to atmospheric layers, waves are ubig-
uitous across a wide range of spatial and temporal scales.
Understanding their behavior and interactions is of funda-
mental interest in many fields of physics, for instance, in
oceanography, plasma physics [1,2], and nonlinear optics
[3-5]. One of the main theoretical frameworks used to study
these phenomena is the Weak Wave Turbulence (WWT) the-
ory [6,7], which models the statistical behavior of systems
composed of a large number of weakly interacting waves.
At the heart of this theory lies the Wave Kinetic Equa-
tion (WKE), which governs the evolution of the wave-action
spectrum and has been derived for various physical systems,
including surface gravity and capillary waves [8,9], internal
waves [10,11], magnetohydrodynamic (MHD) waves [12],
and acoustic waves [13]. When driven out of equilibrium
through forcing and dissipation, as in most real-world scenar-
ios, systems exhibit constant fluxes of conserved quantities. In
particular, it has been observed both experimentally [14—16]
and numerically [17-22] that, under such conditions, the
wave-action spectrum can reach the Kolmogorov-Zakharov
(KZ) steady state, in agreement with predictions of WWT
[13]. However, the stability of these stationary solutions re-
mains a challenging and largely unresolved question, which
has thus far received limited attention. While the observation
of these steady states seems to indicate stability, the propaga-
tion of a small perturbation and the conditions under which
instability may arise are not yet fully understood. Notably,
there are also other WWT systems in which the KZ spectra
are not observed, and potential instability is a key suspect
in explaining these deviations. Only a few studies address-
ing stability have been carried out to date. Notably, Balk
and Zakharov [23] developed a comprehensive theory for
the stability of solutions with respect to small perturbations.
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Their approach is based on the Mellin transform, formally a
Fourier transform in logarithmic coordinates, which leads to a
Carleman-type equation. Using methods from complex analy-
sis, they demonstrated that all information regarding stability
is encapsulated in a single function: the Mellin function WV,
which will be discussed in detail later.

Besides the work of Balk and Zakharov, the stability of
several systems has been investigated. For instance, Escobedo
and collaborators investigated the stability of Bogoliubov
waves [24] (related to Bose-Einstein condensates) as well as
solutions to the Nonlinear Schrodinger (NLS) WKE [25]. Fol-
lowing this work, several mathematical studies on the stability
of NLS-WKE solutions were published, including stability
of Rayleigh-Jeans [26] and Kolmogorov-Zakharov [27] so-
lutions of the three-dimensional (3D) NLS WKE. It is also
worth noting that, contemporaneously to Balk and Zakharov’s
work, Falkovich and Shafarenko [28] analytically investigated
the stability of the two-dimensional acoustic KZ spectrum.

In this article, we study the stability of the different steady-
state solutions with respect to isotropic perturbations in the
context of two-dimensional (2D) and 3D acoustic waves. Sec-
tion II presents the theoretical background of the WKE and
its steady-state solutions. Section III presents the numerical
framework used to perform our simulations. Sections IV and
V investigate the stability of the various steady-state solutions
of the WKE through both theoretical and numerical analysis.

II. THEORETICAL BACKGROUND AROUND THE WKE

For three-wave processes, the statistical behavior of waves
is governed by the following WKE [6,13]:

dny =27 f (RY , — 2R} ,)dkrdky = S, [ni],

2
RI{,Z = |V1’fz} 8 28 (wlf,z)[nlnz — (g + nz)l,
8%, =8k — ky — ky),

8(wf ) = 8wk — Wk, — Wiy, (1)

©2026 American Physical Society


https://orcid.org/0009-0008-9913-459X
https://orcid.org/0000-0002-9934-6292
https://ror.org/019tgvf94
https://ror.org/039fj2469
https://ror.org/02feahw73
https://ror.org/02fdv8735
https://orcid.org/0000-0002-8614-4907
https://ror.org/019tgvf94
https://ror.org/02feahw73
https://ror.org/042cesy50
https://crossmark.crossref.org/dialog/?doi=10.1103/j1hs-b71h&domain=pdf&date_stamp=2026-02-11
https://doi.org/10.1103/j1hs-b71h

COSTA, KRSTULOVIC, AND NAZARENKO

PHYSICAL REVIEW E 113, 024205 (2026)

where k = |k| is the magnitude of the wave vector, Vlk2 =
V(k, ki, k) is the interaction amplitude, and n; = n(ki)’is a
shorthand notation for the wave action. The resonant manifold
Y. is defined as the set of wave vector (k,k;,k,) € RiD for

which both wave vector and frequency are conserved:
k=ki+ky, owr=uwk +w,,

where the dispersion relation is usually given by w(k) o< k“.
Equivalently, X is the support of the Dirac 6’1‘ 2 8(a)’1‘ »), and
integrals involving this § product are referred to as ihtegrals
over the resonant manifold X.

Equation (1) conserves the total energy E, defined as

E = /a)knkdk,

implying the possibility of an energy flux in the system.

A. WKE for acoustic waves

given by the linear dispersion relation w; = czk. However, this
linear relation leads to singular behavior in the WKE. Indeed,
let n; be an isotropic solution of Eq. (1) and rewrite the D + 1
resonance conditions as

5% ,8(k ) = 8(F(Ep, D)),

where F(Ep, £p) encodes the resonance conditions. In par-
ticular, £p are D + 1 variables removed by integrating over
the Dirac 8’s and € are the remaining 2D — 1 variables. A
natural choice for £p is given by

£ — (ka, 01, 62),
D= ke, 61, 62, 1),

Using the standard identity for § functions under a change of
variables, one obtains

D=2
D =3.

8(Ep — &)
|det Ve, F(Eh, En)

S(F(Ep.Ep) =)

*
£ D

In this article, we study the stability of isotropic steady-
state solutions in the context of acoustic waves, whose
behaviors are described by WKE (1) with interaction co-
efficient Vl’fz = Von/kkiky. The wave frequency is typically

J

where the roots of F(-,Ep) and Vg, F correspond to the
Jacobian of FF with respect to the £ variables.
Substituting into WKE (1) yields

k S(Ep — &
me o [ Y / Vi —2ER 8D,y + m)) k)P dendey
e Jo T | det Ve, F(E Ep)

o0 8(Ep—E}) -
-2) :/ v, 2D (mmy — m (g + 1) kiko)P ! dhdks ).
o I |det Ve, F(E), E)

For a linear dispersion relation, the resonant manifold becomes degenerate at all points as |det VJF| = 0. This results in a
divergence of the collision integral, making the equation ill posed. In three dimensions, this singularity can be removed through
angle integration under isotropic assumptions. However, the 2D resonant manifold remains degenerate and the collision integral
diverges. It is then necessary to regularize the integral, which can be done [7] by either (i) perturbing the exponent of the
dispersion relation w(k) = ¢;k*t€, € « 1, or (ii) introducing a small nonlinear dispersion such that the modified dispersion
relation reads w(k) = c;k(1 + a®k?), where a is the dispersive length. While both approaches lead to an effective regularization
of the collision integral [7], the addition of a small nonlinearity has more physical meaning. For instance, the Gross-Pitaevskii
equation, a well-established model for Bose-Einstein condensates, behaves in the large-scale limit as weakly dispersive sound
waves with a = £/2, & being the healing length [19]. Hence, we consider the modified dispersion relation (ii), taken in the
weakly dispersive limit ak < 1.

Applying the regularization and integrating over both the resonant conditions and remaining angles, under the isotropic
assumption, lead to the following equation:

k v,
9 d Stk —ky — k - kiko)P~ ! dk,dk
1y X (./o o1+ Gaka) 1A ( 1 2)(niny — n(ny + ny))(kiky) 1dky

2
_wa [Via|
ko[l 4 Baky)? 1A

where k, # |k — k1| is now a function of (k, k) obtained using Cardano formulas, and Ay, is given by

8(ky — k — ky)(meny — ny (g + m))(kyky)P~! dkld/q),

1
Ay = | 3/2000 126G +1248) — K — Kt — K, D=2
kR Ko, D3

Upon taking the small-dispersion limit ak < 1, one obtains

A [ Voakkik, + O(@),
k12 = Kk k.

k= |k — k| + O(a?),

D=2
D=3,

effectively leading to an integrable action, agreeing with the analysis of Ref. [19].
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The simplified acoustic WKE in dimension D finally reads
k
o = Co [ hak = kP o+ melaty
0

- 2/ [ky (ky — k)P~ [ena — ny (g + n2)] dk1>,
k
)

where Cp is a constant depending on the dimension given by

47V -9

Cp=q ©)

42V
—=, D=3.

Cs

These expressions were originally obtained in Ref. [19] for
the 2D case [29] and in Ref. [30] for the 3D case. Note
that in the 3D case, the equation no longer depends on the
dispersive length a. However, the prefactor differs by a factor
of 2 between the standard and regularized integrals [31], a
discrepancy attributed to the noncommutativity of the limit
and the integral.

B. Steady-state solutions of the WKE

Steady-state solutions of WKE (2) are characterized by a
vanishing collision integral S;[n;] = 0. To show the existence
of such solutions, we first rewrite the collision integral in a
more convenient form:

onyg = S;[nk]
k
= CD/ (klkz)D_l (N2 =N, = AP Jdhads,
0
Ny =8k — ky — ko)lning — mi(my + my)]. “)

We now seek isotropic, power-law steady-state solutions of
the form ng = Bk™", where (B, ) are two constants. A pos-
sible steady-state solution is immediately recovered solving
S(w]f,z) = 0, corresponding to a fluxless, thermal equilibrium
solution with a Rayleigh-Jeans (RJ) spectrum ng [ wk_l =
1

o Other steady-state solutions can be found by applying the
Kraichnan-Zakharov [32,33] transformation to the second and
third terms of WKE (4), leading to

Si[mk] = CpB*I(u)k*P =12,

1
1w = [t =P g7 = 1= 7]
0
x[gHA=g)™" —q™" = (1 —q)"]dqg,
y=3D—-1-2u.
Steady-state solutions are then obtained by identifying the

value of u for which the integrand vanishes, i.e., y = —1,
leading to the KZ spectrum with constants (B, u) given

by [19,31]
4 |2aP
D=2: =— [—, =3
32\ ¢
/6P 9
D=3: _

B = ) m ==,
3meg/32n(r +4In2 — 1) 2

where P corresponds to the energy flux. Unlike the RIJ
spectrum, the KZ spectrum corresponds to a nonequilibrium
steady state, with nonzero flux, usually introduced through
energy injection and dissipation.

While we have shown that WKE (2) admits isotropic
power-law steady-state solutions, it remains necessary for the
collision integral [i.e., for /(1t)] to be convergent for power-
law solutions k™#+, |u, — | < 1. We refer to the u interval
of convergence of I(w) as the locality window and request
I(n) € C'(R, R) so as to define the energy flux.

Although the collision integral is trivially convergent for
the RJ spectrum as its integrand vanishes identically, any
positive (negative) deviation in the exponent is associated
with a divergence of the lower (upper) bound of the integral.
Consequently, the study of RJ solutions can only be achieved
with the addition of a cutoff which, in turn, ensures a finite
energy density. This restriction does not apply to KZ solu-
tions, as one can show that the integral /(1) converges for all
w € 12D — 2, D + 2[ (see Appendix A).

C. Linearized WKE for small perturbations

To analyze the stability of these steady-state solutions,
following Ref. [23], we consider a small isotropic perturbation
of the form ny = n(1 + Ay), Ay < 1. Substituting n; into
Eq. (1) and discarding higher-order terms yields the linearized
evolution equation for the perturbation:

A, 1

8_tk = / (kika)P~ ' (A}, — 244 ,) dky dko,
k

.Alf,z = CDSIf,z[Aln?(ng - n,?) + Aynd) (”(1) - ng)

— Ay () + )], )

where we recall that n) = Bk™* is an isotropic steady-state
solution of the WKE.
In the most general case, Eq. (5) can be expressed using a
linear operator £, defined through a kernel I/, as follows:
0Ak

= = Lfo),

Lfk) = / UK f (K'Y dE .

The existence of such an operator ensures that any perturba-
tion can be decomposed into the spherical harmonic basis,
leading to a set of uncoupled equations. This property is
fundamental as it allows for isotropic and anisotropic cases
to be treated separately.

While a general theory of stability has been developed by
Balk and Zakharov [23] for both isotropic and anisotropic
cases, it fails to apply to anisotropic perturbations in the
acoustic case. Indeed, to obtain an integrable action, one
needs to add a small dispersion into the dispersion relation.

024205-3



COSTA, KRSTULOVIC, AND NAZARENKO

PHYSICAL REVIEW E 113, 024205 (2026)

(a) 2D Acoustics

(b) 3D Acoustics
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k

FIG. 1. KZ spectra for acoustic waves. The solid black lines correspond to numerical simulations while dashed red lines represent the

theoretical spectra n;, = Bk~*. (a) 2D case, B = =%, [ 2P

372 cs

[19], w = 3. The inset presents the initial spectral density of a small isotropic

perturbation A, (0). (b) 3D case, B = S/ — [31], . = 9/2, Where P corresponds to the energy flux.

3meg/32n (m+41n2—1)

While anisotropic perturbations can be decomposed at leading
order into a superposition of angle-independent perturbations
aligned along different directions, the next-to-leading order is
associated with potentially divergent angular gradients Thus
implying the necessity of studying the next-to-leading order.
Yet, the addition of a small disperson breaks the homogeneity
of the integrand at any order higher than one, thereby prevent-
ing the derivation of a Carleman equation, which is central to
the theory of Balk and Zakharov.

In this work, we therefore focus on leading-order perturba-
tions, namely, isotropic perturbations.

III. NUMERICAL DETAILS

We perform numerical simulations of WKE (2) using the
WavKinS package [34]. The WKE is solved on a logarithmic
grid, with wave numbers following a geometric progression
k, = koA". The grid parameter A is fixed by the resolution such
that A(N, ko, kmax) = (kmax/k0)'/N. As previously mentioned,
the WKE admits two classes of steady-state solutions depend-
ing on the presence of external excitations. To model such
effects, we introduce large-scale forcing f(k) and damping
D(k), so that the WKE becomes

amg = Se[n] + f (k) — D(k),

where the damping operator is defined as

14
D(k) = U(:—v> ny,

where k, denotes the equivalent of the Kolmogorov scale, v is
a damping coefficient, and y € R is an adjustable parameter
controlling the dissipation rate

As stated by the H theorem, in the absence of external
excitations (f,v) = (0,0) and in the presence of a cutoff,
the system evolves toward a maximum-entropy steady state
corresponding to RJ (thermal equilibrium) solutions. On the

other hand, when driven out of equilibrium through nonzero
excitation (f,v) s (0,0), the system develops the KZ
spectrum.

For KZ solutions, two types of damping are used: (i)
regular viscous dissipation, y = 1, and (ii) hyperviscous dis-
sipation, y = 4. The hyperviscous dissipation allows us to
extend, as far as possible (about three decades), the iner-
tial range while keeping reasonable resolutions. This enables
the study of the fast-propagating 2D perturbation that would
otherwise reach the dissipative range too quickly. Figure 1
presents the various KZ spectra.

IV. EQUILIBRIUM SOLUTIONS:
RAYLEIGH-JEANS SPECTRA

The simplest stationary solution of kinetic equation (2) is
obtained by imposing a vanishing flux, i.e., by setting the
integrand to be zero at every point on the resonant mani-
fold X. This leads to a wave-action spectrum of the form
ne o l/w(k) = ﬁ, which corresponds to thermal equilib-
rium. However, this solution lies outside the locality window
[19], and, as a result, its stability cannot be studied ana-
lytically without introducing an ultraviolet (UV) cutoff kyax
(see Sec. II B).

Numerical simulations show that the dimension (2D vs 3D)
has little effect on the overall phenomenology [Figs. 2(a) and
2(b)]. Instead, the behavior of the perturbation is primarily
governed by its localization k;,/kmax. For small values of this
ratio, the perturbation remains sharply peaked for long times,
exhibiting a slow decay [2D, Fig. 2(a); 3D, Fig. 2(b)]. On the
other hand, increasing k,/kmax leads to a quicker decay and
significant broadening of the peak [2D case, Figs. 2(c) and
2(d)]. These results suggest the existence of a characteristic
time scale ¢’ such that Vt < ', and the perturbation remains
localized.
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(a) 2D Acoustics, kp/kmax = 1072 .
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FIG. 2. Heatmaps of the perturbation for RJ solutions. (a) 2D case with k,/kn.x = 1072. (b) 3D case with ky/kmax = 1072. (c) 2D case
with &k, /kmax = 0.7. (d) Same data as (c) shown with a saturated linear color scale. The top row illustrates similar behavior for both 2D and 3D
simulations, characterized by a slow decay of the perturbation peak. The bottom row highlights that, for larger values of k,/kp,y, the decay is
significantly faster and associated with a clear broadening of the perturbation.

We now consider Eq. (5) with the addition of an UV cutoff
kmax. Guided by the numerical results (Fig. 2), we introduce
the following ansatz for the localized perturbation, Ax(t) =
A(t)3(k — kp), and look for an evolution equation for A(z).
Applying the methodology of Appendix B, one obtains, at
leading order, the following equation:

dA(t)
dt

which can be explicitly solved, leading to an exponential
damping of the perturbation A(¢) = A(0)e™*', where o is
given by

~ —a(ky)A(),

2 RJ
Ot( 17)— 7TVUZERJ ky, \3 kp 20k, .
k() +2(25 - D) (g5 +2)] p=3.
(6)

Figure 3 presents the time evolution of the amplitude of
the perturbation for two different ratios k,/knax, highlighting
good agreement with the theoretical predictions of Egs. (6).

Note that, for long times, the dirac ansatz is no longer valid as
the pertubation broadens leading to a new equilibrium state.

The RJ solutions are thus stable with respect to isotropic
perturbations, regardless of the dimension, as a(k,) >
0V(D, kp).

While RJ distributions represent the simplest class of
steady-state solutions, they only describe fluxless systems in
thermodynamic equilibrium. However, most physical systems
of interest involve energy and wave-action injection and dissi-
pation, resulting in nonzero fluxes. Therefore, we now turn our
attention to the case of nonvanishing fluxes, which are more
representative of realistic, nonequilibrium conditions.

V. NONEQUILIBRIUM SOLUTIONS:
KOLMOGOROV-ZAKHAROYV SPECTRA

Stationary solutions of Eq. (1) with nonzero flux corre-
spond to the KZ solutions for which exponents p depend
on the dimension of the system (see Fig. 1). Contrary to the
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(a) 2D Acoustics

A(t)/A(0)

(b) 3D Acoustics

A(t)/A(0)

T T T

0 5 10 15 20

FIG. 3. Time evolution of the amplitude of a narrow Gaussian perturbation, centered in k,, for the Rayleigh-Jeans solution. Colored
dashed lines correspond to theoretical predictions A(?) = A(0)e*®»" where « is given in Eq. (6). dashed red , k,,/kax = 1072; dashed purple

s kp/kmax = 0.7. (a) 2D case. (b) 3D case.

RJ solutions, the acoustic KZ solutions always lie inside the
locality window [19], regardless of the dimension.

A. Carleman equation and Mellin function

First, for any complex-valued function f, we define its
Mellin transform, M([f], as

+00
M[f](s):/ K~ f(k)dk, Vs e C.
0

This transform can then be applied to Eq. (5) to obtain a
Carleman-type equation [23]:

BA(s +h) = TIW()A(s),

W(s) = M[U] = / ” UK dk,

1)
+00

A(s) = M[A] 5/ Ak, )k~ dk, (7)

—00

where h = 1 — d/2 is the homogeneity degree of the colli-
sion integral, T is a characteristic timescale depending on the
dimension D, and W is the Mellin function, containing all
the information about the stability of the system. For acoustic
systems, the Mellin function can be explicitly given as

1
W@ﬁiAMO—WP”&AmM

_z/ [4(q — DIP' Qs ()dg,
1

Pu@=qg" " (A - " =D+U—-g)" (g " -1
_ q—/‘ _ (] _ q)—l‘v’

Osu(@=(@q—-1D)""A =g ") —qg " +(@—-1)"")
—qg " +@—-D" 3)

Integrals (8) have to be understood as principal value integrals
as they present divergences in (04, 1_, 1.). Still, there exists
an analyticity strip Z in which the Mellin function is analytical
as divergences cancel each other out (see Ref. [31]).

Due to the difference in homogeneity, the 2D (hp = 0)
and 3D (h3p # 0) cases must be treated separately.

B. 2D case

Two-dimensional acoustics is characterized by the peculiar
value i = 0, leading to a simpler equation:

A(s) = TTIW(A(s),
_ eac,

T=—"7— b
47 V{iB

that has solutions of the form A(s, 1) = f(s)e"V®/7.

The stability of these solutions was previously analyzed
by Falkovich and Shafarenko [28] using a steepest-descent
method to compute the inverse Mellin transform of A(s,1). In
this section, we revisit and refine Falkovich and Shafarenko’s
calculations and compare the theoretical predictions with nu-
merical simulations. For isotropic perturbations, the Mellin
function W is defined in the strip —1 < Re(s) < 1 and can
be explicitly computed [28]:

W(s) = 471(1 + %) tan ?

The study of the stability of the 2D acoustic KZ solutions then
relies on the computation of the inverse Mellin transform of
the perturbation A(s, ) = f(s)e"V®):

Act) = / ()N k=g, 9)

In particular, taking initial conditions of the form log(f(k)) =
—% for the perturbation [35] [see inset of Fig. 1(a)],

one obtains a shape f(s) « kge%sz. Replacing f(s) in Eq. (9)
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(a) Numerical Simulation

t/T

-0.5 0.0 0.5 1.0 1.5 2.0 2:5

(b) Numerical Integration

FIG. 4. Heatmap of the 2D isotropic perturbation A(x, t); x = log k/ky. The dashed line denotes x = V¢, where V, = 27 corresponds to
the least damped velocity, i.e., I'(Vp) = 0. (a) Numerical simulations using WavKinS [34]. (b) Numerical calculation of the integral allowing
for arbitrarily large x, therefore allowing the observation of the combined limits t — 400 ; x — +00. The numerical integration confirms the
observed results of panel (a) and theoretical predictions of Eq. (12) (dashed line).

and introducing x = log k/k¢ lead to

0242
Ap(t) / e VT g, (10)

Figure 4(a) presents the heatmap of the 2D perturbation,
obtained from numerical simulations, highlighting (1) prop-
agation in both negative and positive directions and (2) the
presence of oscillations in the amplitude.

The study of the long-time behavior of the propagation is
thus correlated to the obtention of large inertial range (i.e.,
obtaining large |x|), which represents a real challenge due
to the numerical limitations. To complement our observa-
tions at larger |x| we performed the numerical integration
of the inverse Mellin transform, successfully recovering the
heatmap of the perturbation’s propagation for arbitrarily large
|x| [Fig. 4(b), spanning more than ten decades]. Both the nu-
merical simulations and integration yield qualitatively similar
heatmaps.

To explain these observations, we study the long-time
behavior of A;(r) that can be estimated using the steepest-
descent method, relying of the existence of saddle points. We
introduce the constant velocity V = xt/t such that Eq. (10)
now reads

Ac(t) = / h(s)eWO=Valt g

where h(s) = f(s)/k;.
The saddle points are defined by the following set of equa-
tions:

Re W(st)) =V,

(11)

Im (W'(s})) = 0.
In the following, we drop the superscript V for simplic-
ity and denote the saddle points as s*. As the function
h(s)eMVO=sVI/T ig analytical, one can deform the contour of
integration to pass through the saddle points, allowing for the

use of the steepest-descent method, leading to

Ar(t) ~ h(s)e" VT cos 2t /T (V)) f e TREWV NS g g

(V) =ReW(s*") —s*V),
2nt
ImOWV(s*) — s*V)’

(12)

T(V) =

where I'(V') is the depreciation rate and 7' (V') the period of
oscillations at a given velocity V. Note that for real saddle
points, Im(W(s*) —s*V) =0, 1ie., T(V) =400, VV 2V,
thus implying an exponential decay without oscillations.

The steepest-descent method applied above is, how-
ever, only valid for saddle points s* such that the integral
f;j:;o e Re(W'6M)S g converges, i.e., when Re(W’ (s*)) >
0. This condition is not satisfied for real saddle points
such that Re(s*) < Re(s;) =~ 0.11 [see Fig. 5(b), dotted line],
which must therefore be discarded. The asymptotic behavior
of the perturbation for all remaining saddle points is given by
the following equation:

2nt

O\ ReOV )

h(s*)e" VT cos (2t )T (V). (13)

Solutions of Eq. (11) fall into two distinct categories: (1)
solutions with two real saddle points of opposite sign for V >
W (s§) = Vo = 2m, where s € R and W’ (s{) = 0 [Fig. 5(a),
solid and dotted black lines], and (2) solutions with two
complex-conjugate saddle points for V < V; [Fig. 5(a), solid
blue line].

In particular, a positive velocity allows for the study of the
asymptotic behavior t — +o00. x — 400, which depends on
the nature of the saddle points. For all V > V), the only ac-
cessible saddle point is real and positive, resulting in 7 (V) =
+o00. Figure 6(a) presents numerical slices of [A(Vt,1)| for
velocities ranging from V = 0 (darker) to V = 14.56 (lighter),
highlighting exponential decay at large times. Note that the
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@ s,

40 -

T
0.0 0.2 0.4

Re (s)

®) 300

200

100 1

Re (W"(s))

—100

—200

-300 — :

T
0.0 0.2 0.4

Re (s)

FIG. 5. (a) Real part of the derivative of the Mellin function for 2D acoustics. (b) Real part of the second derivative of the Mellin function
for 2D acoustics. Both figures share the same legend: dashed red, Critical point s§ ~ —0.11, defined by Re(W’(s;)) = 0, corresponding to the
velocity V) = Re(W'(s})) = 2x. Dotted black negative real saddle points for V > Vj; solid blue, Complex saddle points for V < V4.

small oscillations observed at the largest accessible 7/t are
attributed to numerical errors.

Any velocity V < Vj is associated with a pair of complex-
conjugate saddle points, implying the presence of oscillations
in the asymptotic behavior. Figure 6(b) illustrates the three
possible asymptotic regimes: (1) 0 <V <V, (purple solid
line), corresponding to r — +o00, x —> +o00; (2) V=0
(dashed line), corresponding to the damped trail left behind
at fixed x; and (3) V < 0 (solid black line), corresponding to
t — 400, x — —00.

(a)
2x107 1

t/T|A(VE 1))

6x10™ 1

4x10™

3x10

All three cases exhibit oscillations, as highlighted in
Fig. 6(b), whose periods are in reasonable agreement with the
theoretical predictions of Egs. (12). Deviations are attributed
to limited resolution, which hinders the observation of fully
stabilized oscillations.

In addition, the various slices shown in Fig. 6 can be used
to extract the depreciation rate I'. Note that extracting the de-
preciation rate comes with several major numerical hardships.
Indeed, for high velocities V > V;, large values of (x, ) must
be reached before entering the dissipative range in order to

(b)

==

0.0 0.5

FIG. 6. Slices |[A(Vt,1t)| for (a) V > Vp; dashed black lines correspond to the fitting of the damping rate I'(V). (b) V < Vj, highlighting
oscillations in agreement with the existence of a pair of complex-conjugate saddle points. The time is rescaled by the theoretical period T
[Eq. (12)]. The dashed plot corresponds to the damped trail at fixed x = log (k/k¢). Slices show good agreement with the theoretical predictions

of Eq. (12) and are then used to extract the depreciation rate I'(V).
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0.0
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~0.4
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=
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—1.24

T T T T T T

T
0.0 2.5 5.0 7.5 10,0 125 15.0
Vv

FIG. 7. Depreciation rate I" of the asymptotic behavior at large
time as a function of the velocity V. The solid black line corresponds
to the theoretical prediction while colored dots are the numerically
extracted (from slices of Fig. 6) values for various velocities showing
good agreement with the theoretical predictions of Eqs. (12).

observe the perturbation. In addition, for V < V; the period
of oscillation, 7(V), tends to infinity, impeding the proper
observation of stabilized oscillation and thus the extraction of
the depreciation rate in the range V € ]2.5, 27 [. The resulting
depreciation rates are reported in Fig. 7, highlighting excel-
lent agreement with the theoretical predictions (solid line) of
Egs. (12).

We have shown that small isotropic perturbations of the 2D
KZ solutions propagate with different velocities V. In particu-
lar, the propagation is associated with an exponential damping
ensuring the stability of the 2D KZ solutions. We now turn
to the 3D case, where the presence of nonzero homogeneity
h introduces fundamental differences that strongly limit the
theoretical analysis.

C. 3D case

Three-dimensional acoustics are, unlike the two-
dimensional case, characterized by a nonzero homogeneity,
h = —1/2, in Egs. (7) so that the Carleman equations reads

GA(s + h) = W(s)A(s) + V(s + h). (14)

The study of the stability of the KZ solution is therefore more
difficult as the differential equation cannot be solved directly.
Nevertheless, Balk and Zakharov [23] developed a compre-
hensive theory, relying on the use of the Mellin transform,
to analyze the stability of steady-state solutions with respect
to small perturbations. Hereafter, we refer to this theory as
Balk-Zakharov (BZ) theory.

In the following, we analyze the stability of KZ solutions
for 3D acoustic waves following the strategy of Ref. [23].
As for 2D acoustic waves, the three-dimensional case also

appears to be pathological due to the properties of the Mellin
function W.

1. Properties of the Mellin function

The Mellin function for three-dimensional acoustics is de-
fined within the strip Z_; >, 1> and reads

Vse C/ —1/2 <Re(s) < 1/2,
24
(=1 +25)(1 4+ 25)(3 4 25)
3/2CSC (7rs) + 2csc (2ms) + sec (7ws)
d T(—3—5)(5/2+5) >

According to BZ theory [23], all the information about the
stability of solutions is encoded inside the Mellin function,
and its winding number around zero, «, is defined as

W(s) = 2(—8—1—

0=~ &
i 2w ¢z
C={W(o +ib)|s € R}, (15)

where the contour C is the image of the vertical line o + i§
under the map W, with § € R [see Fig. 8(a)].

The stability is thus determined by (see Appendix C) (1)
the existence of a maximal interval [o_, o, ] C R such that

Vo elo_,o0.], k(o)=0,

where o0 = Re(s) and « is the winding number [Eqgs. (15)] and
(2) The signs of o_ and 0.

Note that one always has, for istropic perturbations,
W(0) = 0, which can easily be shown by performing the Za-
kharov transform to WW(s). In addition, the authors would like
to add a remark about the necessary condition for stability in
the isotropic case mentioned in Ref. [7], namely, W (0) > 0.
This condition is clearly satisfied in our case, and in fact for
all physically relevant KZ spectra whose prefactor constant
is positive (in other words, when the spectral flux has the
correct direction). However, this condition is necessary but not
sufficient, which means that the stability result established in
the present paper is truly nontrivial.

The existence of such an interval ensures the possibility
of constructing a unique solution of the problem through the
Wiener-Hopf method. The position of zeros of the Mellin
function with respect to the interval [o_, o] determines the
stability of the solution [23].

For 3D acoustics, it can be shown that o_ = —1/2 and
o4 = 0, as highlighted in Fig. 8. According to BZ theory, we
expect the solution to be stable with respect to small isotropic
perturbations as 0 € [o_, o4 ].

2. Building solutions of the Carleman equation

While directly solving the Carleman equation is not ob-
vious, building solutions of Eq. (14) remains possible by
applying the Laplace transform in time, yielding

AM(s — 1/2) = W(S)A(s) + W(s — 1/2), (16)

where W is the Fourier transform of the initial condition.
In particular, a special solution B, called the base function
[solution of Eq. (16) with A = —1 and ¥ = 0] can be used
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FIG. 8. (a) Path W(s) in the complex plane, s = o + i8, dashed blue, o < 0; solid red, o = 0; dotted green, o > 0. (b) Winding number

k (0) defined in Egs. (15).

[23] to build solutions of the general Eq. (16), through the
Wiener-Hopf method.
Assuming that the base function B is known, Eq. (16) is
solved as follows:
A(s) = B(s)a(s),
B(s) = —W(s + 1/2)B(s + 1/2).
Substituting in Eq. (16), one obtains an equation for a,

ra(s)y+a(s+1/2) = %,

that can be solved using a Mellin transform such that a(s) =
+00 sxX
S fo)edx:

Vs € I—l, 1/2»

Af(x) 4+ f(x)e? = P(x).

So that finally, one has the following set of equations:

A(s) = B(s)a(s), 17)
a(s) = MIf1(s), (18)

_ P(x)
o= (19)
Px)=M" [%](x), (20)

where M (M™!) corresponds to the (inverse) Mellin trans-
form. The Mellin transform of the perturbation A(s) can thus
be found by performing several Mellin and inverse Mellin
transforms.

It follows that the inverse Mellin transform of the solution
can be expressed as

+00

Ax, 1) = Zo(x — x)exp (=t H)P(x)dx', (1)

—00

where 2, = M~L[B].

Noticing that exp(—te*/?)~0, V(x',t) e R? / |x'| €
2Int, one can estimate, from Eq. (21), the large-time behavior
of the perturbation using the asymptotic behavior of P(x) as
X — —o0.

In BZ theory, such asymptotic behavior is typically ob-
tained from the zeros of the base function B through the
residue theorem (see Appendix C 4). Yet, the base function for
3D acoustics admits no zeros for 0 < o_ (see Appendix C 1),
making such an estimate inapplicable. One can thus only rely
on the necessity of having a converging convolution integral
(see Appendix C3), e.g., P(x) = O_,(e/?) [36].

Assuming the slowest possible decay, namely, P(x) =
Ce*/?, the perturbation behaves as

+00

A@,1) ~ C Z,(x — x)[e"? exp (—te" )1y,

o0 —00

where C is a constant.
Let T € RY, and consider the perturbation at time ¢, V¢ >
7. Performing the change of variables u = 21n(t) + x’ in the
above integral yields
+00

Ax,11) ~ Ct Zy(x+2Int — u)e?
—00
x exp (—te"*)du.

The perturbation can thus be expressed as a propagating wave
in the negative x direction with an exponential envelope ¢*/>
and possesses the following self-similarity,

A(x,tt) = A(x + 21n 1, 1)e"/?,
which can be rewritten as
A(xa l) = A(-xfs T)eX/Zs

Vi >t >0. 22)
x=x;—2In(t/7),
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FIG. 9. (a) Heatmap of the 3D perturbation highlighting that a part of the perturbation propagates (i) toward small scales, in agreement
with a forward cascade scenario, and (ii) backward toward large scales with negative amplitudes. (b) Propagation of the perturbation as a wave
running backward: black dashed line corresponds to the equation t = exp((xo — x)/2), where X is the first nonzero contribution of the initial
perturbation A(x, 0). The inset presents the rescaled perturbation tA(x, ¢) along the dashed line of the main panel, confirming the prediction of

Egs. (22).

In our simulations, the perturbation propagates in two differ-
ent directions, as highlighted in Fig. 9(a):

(1) Part of it propagates backward, toward large scales,
with negative amplitude, according to Egs. (22) [Fig. 9(b),
further confirmed by the inset], giving the amplitude of the
perturbation along the dashed black line of the main figure.

(2) Part of it propagates toward small scales, in agreement
with the forward cascade observed for 3D acoustic waves
[Fig. 9(a)]. While such a cascade is not encompassed in the
linear theory, the finite capacity character of 3D acoustics
implies that even the smallest amount of energy located at
small scales ultimately leads to a direct energy cascade.

VI. CONCLUSION

We have analyzed, through a mixture of theory and nu-
merical simulations, the stability of stationary solutions of
the WKE in the context of acoustic waves. In particular,
we have shown that thermal equilibrium (Rayleigh-Jeans)
solutions are stable with respect to small isotropic perturba-
tions. This stability manifests as an exponential decay of the
perturbation peak at small times, followed by a broadening
that spans the entire spectrum, ultimately leading to a new
equilibrium state. The stability of 2D and 3D nonequilibrium
(Kolmogorov-Zakharov) solutions has been analyzed using
the Mellin function V, which contains all relevant stability
information. In particular, a full characterization of 2D per-
turbation is possible through complex analysis. On the other
hand, the stability analysis for 3D KZ solutions is limited by
theoretical hardship, only allowing us to predict the asymp-
totic behavior of the perturbation. Nevertheless, our numerical
simulations strongly support these theoretical predictions.

While both 2D and 3D KZ solutions exhibit stability un-
der small isotropic perturbations, the perturbation dynamics
heavily depends on the dimensionality. Both cases show ex-
ponential damping during propagation, but the direction of the
propagation is reversed: toward smaller scales in two dimen-

sions, and toward larger scales in three dimensions. A forward
propagation, not captured by the linear BZ theory, is observed
in the 3D case attributed to the system’s finite capacity prop-
erty which prevents excessive energy accumulation at large
scales.

Due to the necessity of introducing a small dispersion
term to regularize the collision integral, one cannot extend
this study to next-to-leading order for anisotropic perturba-
tions, as the regularization breaks the homogeneity of the
collision integral. Further work should aim at extending the
study to next-to-leading-order anisotropic perturbations and to
other physical systems such as the Majda-McLaughlin-Tabak
(MMT) model, or the 3D NLS-WKE inverse cascade.
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APPENDIX A: LOCALITY WINDOW

The existence of nonequilibrium steady-state solutions was
established in Sec. II B using the Kraichnan-Zakharov trans-
form so as to remap the collision integral onto a unique,
dimensionless integral /(w) defined as follows:

1
1) = / [g(1 — P 1 — g™ — (1 - g)™]
0
x[g "l —-—g)™" =g =1 —-¢g)*ldg,
y=3D—-1-2u,

where we recall that —u is the exponent of the isotropic
power-law solution n;, = Bk~*. However, one must verify the
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convergence of either /() or the original collision integral to
ensure the applicability of the Kraichnan-Zakharov transform.
This interval of convergence is refered to as the locality win-
dow. Let us show that the locality window is indeed given by
12D —2,D +2[ [19,31].

First, note that Yu, I(w) is invariant under the change of
variables ¢ — 1 — ¢, such that one only needs to check the
convergence at the lower bound of the integral. We therefore
examine the asymptotic behavior of each term in the integrand
near g — 0; trivially, one has

lg(1 = 1P~ ~ g"7".
q—0
To treat the term [¢ *(1 —¢q)™™ — g * — (1 —¢g)™"], one
must expand (1 — g)™* to next-to-leading order. Using the
Taylor expansion around g = 0, we write (1 —¢g)™ =1+
g + Oo(q), leading to the following equivalent:

"0 —q) =g —(1—g)"] ~ ¢'"
q—0

Finally, one must be careful when deriving the asymptotic
behavior of [1 — g™ — (1 — ¢)7”] as it depends on the sign

of y:
[1—g—(1—¢g) ”] ~ {ij’ izg
The integrand then behaves as
lg(1 = 1”71 = ¢ = (1 = @)
" A=" =g == ~ g
with g given by
ﬂz{—,u—l—l-ZD, y>0
uw—1-=D y<0,

where we have substituted y = 3D — 1 — 2 into the previ-
ously obtained equivalent. Gathering the previous inequali-
ties, the integral thus converges if and only if 8 < 1, leading
to the condition

2D -2 < u <D+2,

effectively recovering the announced locality window.

APPENDIX B: RAYLEIGH-JEANS DAMPING RATE

We consider the following evolution equation for the per-
turbation A(k, t), written in frequency variables:

1
A (wr, 1) = — / (AL, —2A44,) doy dows,
k

(kiky)"~!
|8k, w1 akza) |

+ Azny (n(l) — nk)

Al = ARICRITHEEEN

Aend (n] +n3)].
‘Wllfz|2 = 27T|Vl,2| (31_2),
8(wf,) = 8o

where A; = A(w;, 1), nk is a stationary solution of the WKE,
and (8% ) denotes the integration over angular variables of the
wave-vector resonance condition.

— w1 — w),

In the following, we suppose the perturbation A(wy, t) to
be smooth and sharply peaked around w, such that

A(wkvt)s Iwk - wp' <€

0, otherwise, (B1)

Alwy, 1) = {
where € < w), defines the width of the localized perturbation.
In the following, we thus restrict the analysis to the case w; =
wp.

The evolution equation can then be rewritten as

0 A(wp, 1)

Aw p,t)/ | (kik)"~

p |2
O, w1 g, 3] |W1’2| 3o

72) () +n3)

+2|W, 2| 8(wp2) (n3 — ni) Jdw do
L[ k)™, 1
10 ) oo ] (12 ™ 20p2) den den

where Aiz is defined as

AT, = |sz‘25 (wf,z) [Aln(l) (”(2) - ”2) +A2”(2)("(1) - ”2)]

We now analyze the behavior of the integral:
1 (kikp)P~!

= Ap —21\1 da)lda)z.
nl) |ak,wlak2w2|( 2= 252)

To do so, and to fix the idea, we consider only the term

D-1
1= [T g 25 )aumd (-

N dw, dw,.
3 o100.07] ny) dwy dn

Integrating over the resonance constraint leads to
kik3)"~
z—z/ WPy,
|0, w1 O, 031"

where the sum runs over the solutions @} (w; ) of the frequency
resonance condition. For clarity, we drop the sum in the re-
mainder.

Inserting the definition Eq. (B1) and keeping only leading-
order contributions, we obtain

(kikz)P!
|0, w1 O, 5|

2
Ao (nd. —

ng) dwl,

’ Wi

I(w,) ~ A(wp)[

20 (), — ng)]
w1

The frequency resonance condition implies

w; = w, —w; —> 0.
) —> wp

Therefore, we conclude that
I(wp) ~ 0,
under the reasonable assumption that the kernel

(kik3)P~! Iw?
1,2¢

2

|0k, w1 O, 5|

remains finite in the infrared limit @3 — 0.

The same argument applies to all terms in J, which are thus
negligible. Hence, at leading order, the evolution equation re-
duces to

0 A(wp, 1) = —a(wp)A(wp, 1),
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where the damping rate a(w,) is given by
(kiky)"~! 2 o o
a(a)):/— WP I2(w! ) (n + n
! |0k, 1 3k2w2|[| ol 8(w] ) (n] + n3)

+2|W,,[*8(0),0) (n3 = 1) | deor do.

In particular, for acoustic waves, one has w; = c;k and
Wf, = /¢,Cp [with Cp defined in Eq. (3)] such that

ally) = eiCo [ (ke [5(of )47 +19)

+28(w), ) () — nY)] dky dks.
Finally, for the Rayleigh-Jeans distribution,

ERJ

0
n, = ,
k SDCUk

where Sp is the volume of a D-dimensional hypersphere of
radius knax and ER is the total energy of the RJ state; the
damping rate reads

ERJCD Kax D2
a(ky) = Tkp 2 (ki (ky — kp)17" " dk,y
s©OD k,

P

kp
+ | TkiCk, — kP2 dkl).
0

APPENDIX C: A QUICK TOUR OF THE BZ THEORY

Deriving a comprehensive explanation of the BZ theory
would be out of the scope of this appendix. We only propose
an overview of the fundamental steps necessary to the under-
standing of the paper and refer the reader to Chapters 2 and 3
of Ref. [23].

1. Carleman-type equation and zero winding interval

Performing a Mellin transform in k and a Laplace trans-
form in ¢ to the linearized WKE leads to the following
Carleman-type equation:

AM(s + h) = W(S)A(s) + W(s + h), (C1)

where A(s) is the Mellin transform of the small perturbation
A = 8ny/nl), W is the Mellin function, analytic in a strip
T lie., Re(s) €la, b[], and h is the homogeneity of the
linearized collision integral. As for 3D acoustics, one has
(a,b,h) = (—1/2,1/2, —1/2). in the following, we consider
h < 0, discarding the trivial 7 = 0 case associated with 2D
acoustics. The positive & case can be obtained by changing
h— —h,x —> —x.

Solutions of Eq. (C1) can be obtained using the Wiener-
Hopf method, which will not be discussed here. In particular,
if there exists a strip Z, ,, in which the winding number
k(Re(s)) =0Vs € Z,_,, then Eq. (C1) admits a unique solu-
tion A in the strip Z,_ 5, . Note that for any linearized kinetic
equation, the winding number is a monotonically nondecreas-
ing function, implying that W has neither zeros nor poles in
Zs_5, . In the following, we suppose that such a strip exists.

If a < o_, the solution Ay can be extended to the left of the
zero-winding-number strip by iterating Eq. (C1). Similarly, by

@ Poles
& Zeros

Zeros Poles

g
a o_+h (o b

FIG. 10. Position, 0 = Re (s), of zeros and poles of the extended
solution A of Eq. (C2).

translating the Carleman equation (C1), one obtains
M(@s+h) — V(s +h)

- W(s) '

This equation can then be iterated to extend the solution to the

right of the strip Z, . The extended solution is well defined
in the strip Z,4p.p-

A(s)

04

2. Homogeneous Carleman equation and base function

The homogeneous Carleman equation is obtained from
Eq. (C1) by setting ¥ = 0 so that it reads

AA(s + h) = W(s)A(s). (C2)

As in the previous section, any solution to the homogeneous
equation in Z, ,, can be extended to the strip Z,y4 ;. In
particular, such a solution possesses no poles in Z,; ,, and
its zeros are determined by those of the Mellin function, such
that If ¢ € Z,,_ is a zero of the Mellin function WW(s), Then
the extended solution has zeros at the points

Similarly, by translating the Homegeneous Carleman equa-
tion, one obtains

_ M(s+h)
A(s) = —W(s)

This equation can then be iterated to extend the solution to the
right of the strip Z,_,,. As a result, the extended solution A
is meromorphic in the strip Z,4; p, since zeros of WV located
to the right of Z, ,, correspond to poles of A: p € I, ,is a
zero of the Mellin function W(s). Then the extended solution
has poles at the points

p,p—h,g—2h, ....

The position of the zeros and poles of the extended solution
A can be summarized by the graph in Fig. 10.

In particular, a special solution B, called the base function,
a solution of Eq. (C2) with A = —1, can be used [23] to build
solutions of the general equation (C1), through the Wiener-
Hopf method. Assuming that the base function B is known,
Eq. (C1) is solved as follows:

A(s) = B(s)a(s).
Substituting in Eq. (C1), one obtains an equation for a,
ra(s) +a(s —h) = w, Vs € Zoinb,
B(s) ’
that can be solved using a Mellin transform such that a(s) =
f_Jr;o f(x)e*dx:

Af(xX) + f(x)e™ = P(x).
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So that finally, one obtains the following set of equations Vs €
I 5,:

A(s) = B(s)a(s), (C3)

a(s) = M[f1(s), (C4)
P(x)

f) = e (C5)

Px)=M" [%](x), (C6)

where M (M™!) corresponds to the (inverse) Mellin trans-
form. The solution is then extended to the whole strip
Za+n,p through iteration of the Carleman equation (see Ap-
pendix C 1).

3. Existence of the Mellin transform

In order to reach Eq. (C1) it is necessary for the following
convolution to exist at all times:
+00

UxA)(x) = / Ux — xHAW, t)dx', (CT)

—00
where the kernel U/ possesses the following properties:

O_so(e™)

Ut = {Om(e-‘”f).

Convolution (C7) exists if the perturbation satisfies the
conditions

O_(e™™), 00 < b

Oioc(e™™), 01 > a.

Vi, A(x, 1) = {

Ag being a solution of Eq. (C1) in Z,_,, implies that the above
conditions are fulfilled in this region, with oy = o_ and 0, =
o, . Therefore, the extension to the left of the strip leads to
Vi, A(x, t) = O_g (e~ @)%Y 5o that we have

O o™,

Vi, A(x,t) = {O (e7o1%)
oo ,

o] > d.

4. Behavior of the perturbation
a. Asymptotic behavior at |x| — +00

The asymptotic behavior of A(x, ) for x — 400 can be
obtained by performing the inverse Mellin transform

a+ioco

A;(x) =/ A (s)e ds.
a—io0

Integrating along the rectangular contour C of Fig. 11 and

using the residue theorem, one obtains, taking £ — 400,

Alx,t) =

Z res(A(q, t))e %,
— +00

q
where the sum runs over the poles of the perturbation A(s, 7).
Note that the integrals along the horizontal segments vanish
as £ — oo, while the contribution from the vertical segment
at s = B < 0 vanishes in the limit x — 4o00.

Im (s)
R
1 hd : R,
a o_+h |3 0+ b 6(8)
v

FIG. 11. Finite size rectangular contour to perform the residue
theorem. The black dots correspond to poles of A that only exist for
Re(s) > o, (see Fig. 10).

In particular, the sum is dominated by the poles with small-
est real part such that

Alr, )y~ Y res(A(g. )™, x — +oo.
Re(g)=0-
As a result, the asymptotic behavior of A is given by

O—oo (e—(a+h)X)
Oioole™™)

asx — —o0

(C8)
as x — +o0.

Vi, Ax,t)= {
b. Time evolution of the perturbation

It can be shown [23] that solutions of Eq. (C1) are given by
M) = Z7 (o + e 20,

where Z and Z~! are two operators defined from the base
function B(s), solution of the homogeneous Carleman equa-
tion (see Appendix C 2), such that

Zf1x) = (21 * fH(x),
Z7USIx) = (25 % ),
where 2, = M~!'[B~'] and Z, = M~'[B].

As both operators are independent of time, one can invert
the Laplace transform to obtain

A(x, ) = Z7'6,(x)P(x)],
hx
)

V(f,x), { (C9)

0;(x) = exp(—te”

’

corresponding to a wave traveling in the negative x direction.
Combining the above equations and Egs. (C5) and (C9),
one obtains the following expression for the perturbation:

+oo
A(x,t) = Zr(x — x)H6,(xYP(x")dx' .
—o0
In addition, V(x,t) e R? /x «x =h 'Int, 6,(x) =0,

meaning that for large time one can write

6(x) 7~ exp(—te™)(1 = H(x—x)),

-+
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where H denotes the Heaviside step function. Therefore, one
can replace P [Eq. (C5)] by its asymptotic behavior at x —
—oo that can be estimated via the residue theorem using a
contour similar to that in Fig. 11:

5, Cl@re,
Ot (eibx)7

X —> —00

P(x) ~ {

where the sum runs over the zeros of 3. The large-time behav-
ior of the perturbation can then be estimated by

A, = Y@ [ - ae
q —0Q
x exp (—te ™)]dx/,

~ EAq(x,t).
1—>+00
q

The perturbation can thus be interpreted as a superposition of
waves Ay, each propagating in the negative x direction with
an envelope that depends on the corresponding pole g. In
particular, each wave A, exhibits the following self-similarity

property:
Aq(X, 1T) = Aq(x — 4 'In T, t)-,_——fl/h’
which can be rewritten as

Ay(x, 1) = Ay(xr, T)e™

Vi > T (C10)

x=x, +h 'In(/1),
In particular, the dominant envelope of the perturbation A is
determined by the zeros of B with the smallest real part, cor-
responding to an envelope of the form e~©-+Mx (see Fig. 10).

c. Stability of solution

The stability of the solution can be analyzed using
Egs. (C8) and (C10). From Eq. (C8), we observe that for the
perturbation to remain bounded as x — 4-00, it is necessary
that o, > 0. On the other hand, Eq. (C10) implies that the
perturbation decays as it propagates if o_ + h < 0.

Taken together, these two conditions ensure the stability of

the KZ solution, which holds if
o_+h<0<oy, (C11)

a criterion that can be summarized as «(0) = 0.
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