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Abstract

We construct a d-dimensional eddy damped quasi-normal Markovian (EDQNM) closure model
to study dynamo action in arbitrary dimensions. In particular, we find lower d;, and upper dy crit-
ical dimensions for sustained dynamo action in this incompressible problem. Our model is adapt-
able for future studies incorporating helicity, compressible effects and a wide range of magnetic
Reynolds and Prandtl numbers.

1. Introduction

Large magnetic fields are at the heart of almost every observation in astrophysics; indeed, they play

a pivotal role in, as well as shape the consequence of, the dynamics of phenomena ranging from star
formation, the interstellar medium to the underpinnings of the solar wind [1-3]. And yet questions
remain about how such sustained magnetic fields arise—the dynamo problem—in the first place [4—

6]. Since astrophysical flows are also, typically, notoriously turbulent, it is natural to look for answers

to such questions within the framework of magnetohydrodynamic (MHD) turbulence [7-11]. While a
theory for the dynamo problem rooted in the full set of equations for MHD is desirable, there are for-
midable challenges to this. From the point of view of direct numerical simulations (DNSs) of such sys-
tems, the parameter space accessible to modern simulations are quite far from what is realizable in either
astrophysical systems or liquid-metal experiments [12]. For example, the Prandtl number, defined as the
ratio of the kinetic viscosity to the magnetic diffusivity Pm = v/, ranges from values as large as 104
(interstellar medium) to those as small as 10> (liquid sodium experiments). Such a range of numbers
are prohibitively expensive for DNSs; thus more often than not, theoretical approaches based on reason-
able assumptions provide additional insights and a fresh perspective in understanding the nuances of the
dynamo problem.

An excellent example of such theoretical approaches, and the deep insights they provide, is the
Kazantsev model for the fluctuation dynamo [13]. In this stochastic model, the velocity field is Gaussian
and statistically homogenous, isotropic, and parity invariant. In addition, the correlation time is assumed
to be zero—probably the strongest simplification in this model. By varying the features of the spatial
correlations of the velocity field, it is possible to study the magnetic growth as a function of the degree
of compressibility of the flow, its spatial regularity, the space dimension, and the Prandtl and magnetic
Reynolds numbers (see, e.g., [2, 5, 6, 14, 15]). In particular, the Kazantsev model has provided the first
evidence of the existence of a maximum critical dimension for the dynamo effect beyond which this ran-
dom flow becomes unable to amplify a magnetic field [16, 17]. The range of dimensions where there is
dynamo shrinks as the velocity becomes less and less regular in space, until it vanishes when the Holder
exponent of the velocity falls below 1/2 [18]. Compressibility, however, has the effect of widening the
range of dimensions over which the dynamo is possible in this model [19]. Interestingly, dimension
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d =3 is the one where the least flow regularity is required for the dynamo effect to take place, independ-
ently of the degree of compressibility.

It is easy to appreciate why theoretical models with variable roughness (of the velocity field) and
compressibility have a direct bearing on understanding real dynamos. Nevertheless and especially given
the strong parallels of this problem to critical phenomena and phase transitions, the role of dimensions
in the dynamo—no-dynamo transition deserves some attention. Taking this point of view and recall-
ing the fundamental discoveries—such as dimensional regularization or the 4 — € expansion [20]—made
possible by going beyond the physically obvious d =2 or 3 dimensions, it is not unreasonable to ask
if there is an analogue of a lower and upper critical dimension below and beyond which, respectively,
dynamo action ceases to be. Indeed, such a point of view, of going beyond physically realizable integer
dimensions of two and three, has led to interesting results on intermittency and energy cascades in clas-
sical fluid turbulence [21-27]. In this paper, we simply ask if there are lower di and upper dy critical
dimension within which dynamo action is confined?

While it is desirable to overcome the assumptions of Gaussianity and temporal decorrelation of the
Kazantsev model and at the same time consider the fully nonlinear regime, it is difficult to answer the
above question through DNSs in arbitrary dimension d. Instead, we construct a d-dimensional closure
model for MHD turbulence, which in the absence of a magnetic field, reduces to the well-known eddy-
damped quasi-normal Markovian (EDQNM) for fluid turbulence [21, 28-32]. We then perform detailed
numerical simulations to show that for a given magnetic (Rm) and kinetic (Re) Reynolds number the
dynamo action is constrained for dimensions d;, < d < dy, with the lower critical dimension d;, margin-
ally higher than 2 and a finite upper critical dimension dy beyond which the dynamo cannot be sus-
tained.

2. A d-dimensional closure model for MHD turbulence

The starting point of our study is the incompressible MHD equations

du+ (u-V)yu=—-V,+(B-V)B+vVu+f, (1a)
OB+ (u-V)B=(B-V)u+nV’B, (1b)
V-u=0, V-B=0. (1c)

The magnetic field B(x,t) and the velocity field u(x,t) are treated as conventional divergence-free
vector fields , f(x,¢) is the forcing that maintains the flow, p the total (kinetic plus magnetic) pressure, v
the kinematic viscosity, and 7 the magnetic diffusivity. The Fourier-space representation of equation (1)
is given explicitly in appendix A (equations (5a) and (5b)).

The first question is of course how do we construct this d-dimensional closure model for MHD tur-
bulence? Theoretically, the full MHD equations suffer from the same closure problems—and hence ana-
lytical progress—as the Navier—Stokes equation for fluid turbulence [33]. We recall that in fluid turbu-
lence, theoretical progress in understanding the two-point correlation function stems first from a Quasi-
Normal approximation which allows rewriting fourth-order moments as sums of products of differ-
ent second-order moments. Then, the successive use of an (phenomenological) eddy-damping rate and
Markovianization leads to a closed equation for the fluid kinetic energy spectrum in the EDQNM model.
We follow a similar approach, beginning with the incompressible MHD equations, to derive the cor-
responding equations for the fluid E*(k) and magnetic E*(k) energy spectra (see appendices A—C for
detailed derivations). Up to the definition of scalar spectral energies (see equation (15) in appendix A),
the formulation proceeds in three dimensions; dimensionality then enters only through the geometric
structure of the triadic interaction tensors P and C(® respectively. The extension to arbitrary (includ-
ing non-integer) dimensions is therefore treated as a continuation of these scalar energetics.

d

d—tE“(k, t) = T(y (k) + T(,y (k) — 20K E" (k, 1); (2a)
d
CTlﬂ?(k, £) = TV, (k) + TV, (k) — 2nk*E° (k. 1). (2b)

The transfer terms are conveniently expressed in a form which underlines the distinct contributions
from the self [subscript (s)] and coupled [subscript (¢)] terms:

u k —1lru —1lru u
T (k) = 8Ky Akdq ded(Ak)ekquTqbkpq [K'E"(p) — p"'E"(K) | E*(q); (3a)
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k
T(, (k) = SKd/A dgq dp Wd(Ak)Qqu;qupq (K EY (p) — p* B (k)| E* (q); (3b)
k
T(y (k) = 8Ky /A dgq dp Wd(Ak)eé’kpquhkpq [K*1E"(p) —p™'E*(K) E*(q); (3¢)
T(, (k) = 8K, /A dg dp wd(Ak)equk%cpkq [ E*(p) — p* ' EP (k)| E*(q). (3d)

In equations (2) and (3), and what follows, k, p, and q are wavenumbers and the superscripts (u)
and (b) always denote the fluid and magnetic fields, respectively. The integrals are over triads Ay formed
from triangles with sides k, p, q, and the time-scales 9}(‘1) and Qi’p are a consequence of the eddy-
damping and Markovian assumption. Furthermore, the explicit role of dimensions, which arise from
the geometry of these triads in d-dimensional space, lead to an explicitly dimensional prefactor Ky,
the weight of different triadic contributions W;(Ay), the coupling coefficients bypg, Ckpg> and hypg (see
appendix A).

The basic phenomenology of the primitive MHD equations are already apparent in the structure of
our closure model. The self-interaction terms ensures the transfer of energy from different wavenumbers
while fooo dk T‘(‘s)(k) = fooo dk Tl(’s)(k) = 0 ensuring the conservation of energy. Further, the cross or coup-
ling terms mediate the transfer of energy between the fluid and magnetic fields and, again for reasons

of energy conservation, obey fooo dk (T‘(‘C) + I*(?C)) = 0. Finally, it is easy to check that, for zero magnetic

field E? = 0, our model reduces to the d-dimensional fluid EDQNM equations [31]; similarly for E? #0
and choosing d =2 or d = 3, we recover the two or three-dimensional EDQNM model, respectively, for
MHD turbulence [34-36].

Trivially the dynamo question hinges on whether or not the total magnetic energy £ = fooo dkE? (k)
grows in time and eventually saturates to a nonzero value in the nonlinear regime. Starting from the
evolution equations, it is easy to show that for an initial (= 0) seed magnetic field such that the initial
energies follow & >> ! (allowing for terms quadratic in the magnetic energy to be omitted)

detb N

T /O dk (8K (k) — 2nk*) E* (k) (4)

with A\;(k) = /

Ak
the dimension d. Equation (4) shows that the time behaviour of £? is the result of two opposing effects,
namely magnetic diffusion and the amplification by the velocity field, and it depends crucially on how
kinetic energy is distributed across the Fourier modes of the velocity.

For ideal (v =7 =0) MHD, and with a finite number of modes (intrinsic to the MHD-EDQNM
model), further progress is possible theoretically. This is because for d > 2, a global equipartition
emerges as a thermal fixed point of the model. This ensures that for all dimensions d > 2, the seed mag-
netic field grows to asymptotically (in time) reach a state with E*(k) = E”(k) ~ k?~!. However, d = 2 is
special. Here, the conservation of magnetic potential (>_, E°(k)/k?), an additional constraint on these
modes ensures a lack of global equipartition and thence £ >> &Y for all times as long as £ > £L. Thus,
in the ideal and finite-dimensional model, dynamo action is strictly possible for all dimensions d > 2.

But what happens for real flows which are dissipative and out-of-equilibrium? Here things are much
harder to assess theoretically and we resort to evidence from numerical simulations to guide our intu-
ition. We perform detailed numerical simulation of our MHD-EDQNM model (equations (2) and
(3)) in dimensions 2 < d < 20 with 0.01 < Pm < 5 and 200 < Rm < 2 x 10%. We refer the reader to
appendix D for further details on the numerical method, parameters and tests on numerical convergence
of our scheme.

We set up the numerical study of the dynamo problem in the following fashion. We first develop a
statistically stationary state for the fluid kinetic spectrum by keeping the magnetic field switched off and
driving the kinetic energy spectrum through a forcing spectrum (see appendix D) concentrated at large
scales. This injection of energy is balanced with the net viscous dissipation rate ¢ = fooo dk2vk?E* (k) to
ensure a constant net kinetic energy £ = [ dkE*(k) = 1.0.

The steady state is characterized by a Kolmogorov spectrum E*(k) ~ k=>/3 for d % 3 (albeit with an
ever-pronounced bottleneck effect as d increases [31]) or a k= spectrum (due to the inverse cascade)
for d~ 2 cases [21, 28, 37]. The magnetic spectrum interaction is switched on with a initial seed of
magnetic energy with £ = 107!2. (We have also performed simulations with the initial seed as large as
& =102 and found our results robust to the choice of the seed magnetic field.) With the interaction
on, the forcing is adjusted slightly to match the net dissipation rate which now includes the magnetic

dq dp Wd(Ak)Opqu%cquqdflE“(p) depending only on the properties of the fluid and

3
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dissipation rate ¢’. In what follows, the time when the magnetic field is switched on is set as ¢ = 0, and
the dynamo problem is studied at subsequent times.

3. The dynamo-no-dynamo phase diagram

(1)
&u(t)
poral behaviour for different dimensions. In figure 1, we show representative semilog plots of R(#) versus
time for several different dimensions. For two dimensional flows and as expected [38, 39], we have no
dynamo action as R(t), after an initial growth, decays in time. This transient growth followed by decay
in two dimensions is consistent with earlier results [40] and reflects the suppression of sustained dynamo
action, where field-line stretching is insufficient to overcome diffusive losses.

The three-dimensional case is just as clear: R(#) increases, exponentially as evident from the lin-
ear rise on a semilog scale, and eventually saturates to value slightly larger than 0.5 indicating dynamo
action. What is interesting is the behaviour for other dimensions. Clearly, there seems to be dimensions
d > 2.0 as well as dimensions much larger than d = 3.0 where the dynamo fails. In fact in higher dimen-
sions we do see an initial rise in R(#) that becomes unsustainable with time. All of this suggests that at
least within the MHD-EDQNM phenomenology there must exist a lower critical dimension d;, > 2.0
and a finite upper critical dimension dy >> 3.0 which dictates the dynamo—no-dynamo phase boundary.
Furthermore, within the dynamo phase d;, < d < dy, the growth of the magnetic energy is clearly expo-
nential — exp{At} — before signs of saturation stemming from the nonlinearity. In the inset of figure 1
we show a plot of this normalized (with the viscous time-scale) growth rate A vs d (within the dynamo
phase; see figure 3(b)) and find maximal growth for d = 3 for three different values of Pm.

Is it possible to have a theoretical explanation, starting from the equations of motion, which suggests
such a phase diagram? While the short answer is, unfortunately, no, a scrutiny of the MHD-EDQNM
model suggests that in the coupled set of equations, dynamo action for d; < d < dy can only be a con-
sequence of a predominant energy transfer from u — b, with the transfer term acting as an effective
forcing on the magnetic field. This preferential transfer of energy (at scales larger than those where the
diffusive damping becomes strong) leads to an increasing R(t) followed by an eventual saturation stem-
ming from the nonlinearity (negligible at short times) and damping. Similarly, for d < dj, or d > dy the
large-scale energy transfer ought to be, preferentially, from b — u, even if there is a net u — b transfer
at smaller scales. This is because at small scales the magnetic dissipation term acts as a counter to the
net pumping from the fluid field.

The argument outlined above is admittedly heuristic and a consequence of what we see in figure 1.
The only way to make this argument plausible is to numerically analyse the spectral properties of the
interaction terms in equation (3). In figure 2 we plot, scale-by-scale, Tl(’s) (k) + T’EC) (k) together with the
magnetic diffusion term 2nk*EY at (inset) short (r=1) and long (t = 30) times for (a) d =2.03, (b)
d=4.0 and (c) d = 8.0. Furthermore, we calculate and show the net transfer ®(k) = Tl(’s) (k) + Tl(’c)(k) -
2nk*E® which is a clear indication of the scales which leak (®(k) < 0) or pile on (®(k) > 0) magnetic
energy. However, as equation (4) suggest, the dynamo action is essentially an outcome of the integral of

and observe its tem-

To study the dynamo effect, we find it useful to define the measure R(¢) =

®(k); to make this point succinct, we also show in the same figure the cumulative integral fokq)(k) as a

function of the wavenumber k. Clearly, as k — oo, this f0k<1>(k) >0 for d, < d <dy and f0k<1>(k) < 0 for
d<dy ord>dy.

Figure 2 is then a clear illustration of our conjecture and consistent with observations in figure 1. At
short times, the cumulative transfer (solid black line) is strictly forcing leading to an initial growth of the
total magnetic energy. At long times, however, the situation is more delicate as the final state depends
on the interaction of the fluid and magnetic components. Note that unlike kinematic models where
the fluid component (velocity field or kinetic energy spectrum) is frozen, our MHD-EDQNM is able
to go beyond the linear regime and provide a definitive answer to the dynamo problem. The final steady
state of our MHD-EQDNM systems strongly depends on the dimension. For d = 4.0 the net transfer
is strictly positive leading to dynamo action as seen in figure 1. A close inspection of the net transfer
® (k) and its cumulative integral underlines this effect strongly. Furthermore, the small scales of pump-
ing allow for a lack of compensation from the diffusive term leading to growth of the magnetic energy.
Indeed, for such dimensions d; < d < dy, we see (figure 3(a)) that at long times there is a scale-by-scale
cancellation of the pumping and damping leading to the saturation of magnetic energies and dynamo
action.

However, for dimensions d = 2.03 and d = 8.0 which are clearly in the no-dynamo phase (figure 1),
the spectral properties are more involved. At low wavenumbers (with negligible damping), the net

4
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Figure 1. A semilog plot of R(#) vs ¢ for several different dimensions. For dimensions d < di. and d > dy, the magnetic energy,
after an initial increase, decreases with time indicating no sustained dynamo action. For dimensions di, < d < dy, the magnetic
energy increases exponentially in time with an eventual dimension-dependent saturation. Inset: A plot of the normalized (with
the viscous time-scale) growth rate Avsdford, <d< dy and different Prandtl numbers (see legend). Clearly, d = 3 corresponds
to the fastest rate of dynamo growth.
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Figure 2. Scale-by-scale plots of T,SS) (k) + TIEC) (k), the effective magnetic diffusive term 2nk?E?, the difference ®(k) = Tl(,s) (k) +

Tic) (k) — 2nk*EP, and the cumulative sum of the difference fok ®(k), all of which are normalized by the magnetic energy at the
same time instant, for (a) d;, > d = 2.03 (b) di, < d = 4.0 < dy and (¢) dy < d = 8.0 at short (inset) t = 1.0 and long (close-
to-saturation) t = 20 times. The scale-by-scale behaviour of ®(k) is a clear measure of the effective pumping or dissipation of
magnetic energy and the cumulative sum shows the net effect of the combined action of the transfer terms and magnetic dissip-
ation. The insets also underline why at short times there is always an increase in the magnetic energy; at longer times, depending
on the dimension, there is a net decrease or decrease of the same leading to a dimension-dependent dynamo-no-dynamo phase
diagram.

transfer is mainly from b — u leading to a depletion of magnetic energy. While there is still a persist-
ent net u — b transfer for such dimensions, these happen at large wavenumbers (unlike what is seen
for d =4.0) and hence damped out by the magnetic diffusivity. Such a spectral analysis thus is useful in
providing not a theory, but an understanding of where the dynamo-no-dynamo transition may happen
as a function of the dimension d. In particular, and as already suggested in figure 1, it clearly shows the
possibility of a lower di. and upper dy critical dimension, tied to the diffusive scales, marking out the
boundary between dynamo and a no-dynamo phase.

All of this now leads us to construct the phase diagram for the dynamo—no-dynamo transition.
In figure 3(b) we show a space-time pseudo-colour plot of R(¢) as a function of dimensions and time.
Clearly at long times, R(¢) — 0 for d < 2.15 2 dy, and for d > 7.5 = dy. These dimensions are indicated
by the vertical broken lines in the figure and our numerical simulations of the MHD-EDQNM model
predict dynamo action for all dimensions which lie in between these two. In the absence of a theory, the
precise value of these dimensions are moot; indeed, as discussed in appendix E, di and dy depend on
Pm and Rm. What remains a challenge is to find a more complete theory of why such dimensions exist
in the first place as well as a systematic study of the dependence of d; and dy on Pm and Rm.
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Figure 3. (a) The transfer Tgs) (k) + Tl(f) (k) (symbols) and the magnetic dissipation 2nk?E? (solid lines) terms, for dimensions
(see legend) where dynamo action is sustained, at very long time ¢ = 100 when the magnetic energy is fully saturated. The nearly
indistinguishable curves for each dimension is confirmation of the net balance between the u — b pumping and the magnetic
dissipation leading to a saturation of the magnetic energy and dynamo action. (These set of plots correspond to £ = 1072 but
the results are insensitive to the precise choice of £L.) (b) A space-time colour plot of the fraction R(#) (on a log-scale) showing
that the dynamo phase is confined between a lower dy, and upper dy critical dimensions, indicated by the dashed vertical white
lines. (See the corresponding phase diagrams for Pm = 0.01 and Pm = 5.0 in appendix E).

4. Conclusions

Why are these results important? While d;, and dy must depend on Rm and Pm (as shown in

appendix E), a thorough, systematic study of this, while necessary for the future, is unlikely to reveal
new physical phenomena. Rather, we believe that the interesting point is the very existence of a range of
dimensions outside which the dynamo effect is not possible. This is not an obvious phenomenon. So far,
it had been observed only in the Kazantsev model [19], which, however, has very special temporal cor-
relations. Our results, therefore, provide strong evidence that the existence of critical dimensions is not
specific to the Kazantsev model and may be a general feature of d-dimensional MHD. Hence, theoretical
approaches such as ours, provide a fresh perspective, in the spirit of critical phenomena, by establish-
ing the existence of lower and upper critical dimensions. These results, in isolating the vital role played
by triadic interactions, provides a strong framework for understanding the dynamo problem rooted in
the full nonlinear set of MHD equation. Hence we complement several d-dimensional studies of hydro-
dynamic turbulence which have shed significant light on understanding critical questions of intermit-
tency [21-27] in classical fluid turbulence. In general, the success in charting the dynamo phase diagram
suggests that analogous spectral closure parametrizations hold strong promise for a other complex set-
tings such as inhomogeneous turbulence [41, 42] and geophysical flows [43]. Finally, our d-dimensional
(non linear) closure model is adapted easily to include effects of compressibility [19], non-zero helicity
and cross-helicity [44—-46], spatial regularity of the velocity field [47] and study the dynamo problem
over a wide range of Pm and Rm inaccessible to DNSs as well as overcoming the limitations of previous
theoretical approaches.
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Appendix A. The quasi-normal approximation

The derivation of the closure model follows best from the Fourier space representation of the MHD
equations, expressed conveniently in a symmetric form between the fluid and magnetic fields, written
in component form with Greek indices:

d
e nak =P, [ da [ dpluy(@ ()= blas, DIBE a0 Go
d
et =, [ da [ et an®) b @00 D

The forcing term in the spectral equation for the velocity field, equation (5a), is omitted from the
equations that follow but is implicitly assumed to be present. Its precise form is irrelevant to the deriv-
ation; it is only assumed to act at large scales, near the injection wavenumber k ~ k;. The specific form
of forcing adopted in the numerical implementation of the EDQNM-MHD equations is introduced and

kaok
discussed later in appendix D. By defining IP’Q 5="0a8— kzﬁ , we obtain
N _ _ ok k .
Py, == (ngggkW +ngkp), (6a)
L
el = =5 (Gapky = darky) (6b)

for the triadic interaction tensors, respectively.
The form of the generalized nth order spectral moment (for fields X*)

n—1
851(215((2)04" X (k17k27 s 7k11—1) = <Xg¢11) (k ) (kZ) Otnu i)(k”_l)XSXnn) <_ Z kl) > (7)

allows us to obtain the evolution equations for the second moments S** and S%:

d uu uuu n
{dﬁz”kz] a,@(k):/ Pép? (St (k,—q) — SE2 (k,—q)] + ¢+ ¢ HB; (8a)
d ( k) u "
{dﬂrznkz}s / Csy [Sot (k,—q) + S (k,—p)] +C.Ca% (8b)

Here / = / dq / dpd(q+p —k), c-c denotes complex conjugate, and « <>  implies the

exchange of indices.
Similarly, the evolution of the third-order moments S*** S and S*" follows:

R )| St ) = [ AP [ (-a.—pn) - S (<0 pur)
+ [ APl st (k—p.r) - S, (k—p.1)]
/ dr Py (S, (ki —q,7) = Stwo (ks =q,0)] (@)
[(‘jtwkun(quf)}s;’;z(k,q)— / de P, [Sohie (=, =) = Splo (=a,—p.r)]

/ dr [c< DS (—p,r,k) +CLD S (— q,r,k)} (9b)

ppo Cypao Yo Cppac
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d u — uu
(e ) st k) = [ QP St (—g.r) - SHLL (a0

+2 / dr |C), S, (~q,r,—p) + CLLd St (kor,=p)|  (96)

apoCpuyo puo Capyo

d - uu
S ()| St —p) = [ QP Stk —p.r) - SUE (—por)]

+2 / dr [c<k> Shhun (_p r —q) + (0 Shbu (km,—q)] (9d)

apoCpuyo puo Capyo

A comparison between equations (8) and (9) underlines the closure problem inherent in such
models: Solving for the nth moment is contingent on knowing the (#+ 1)th moment. Hence suitable
approximations are needed to close this hierarchy and find, for our problem, a closed form repres-
entation of the second-order moments. One such approach is the quasi-normal approximation which
assumes that the statistics to be essentially Gaussian (with a vanishing cumulant) and hence

SXGXIXOXD (k) ey, ks) = 85557 (k) S () (e + ko) + S50 X (k1) SE XY (k)3 (ki + ks)
+ XX (k) S5, (k) (ks + Ks ). (10)

This form allows us (with the further assumption (u, (k1)bg(k2)) = 0) to reduce equation (9) to

d
S+ ) | St (k—g) = 2 [P, S (—a) St (—p) + LD St (K) St (—p)

dt apy apcSpp ppo
+ P S (R)Spa(—q)] (11a)
[ d ] u - uu - uu
3 VR (g p?) | S (k) = 2 €L S, (—p) St (k) + C St (~a) St (K)
— P St (—a)Sth (—p)] (11b)
[ d ] u uu — uu
a, + sz + W(kz + qZ) Sgbp'y (k7 _q) =2 [CékgaSzZ(_q)S’yo(_p) + C£pg)8fyz (k)S'ya(_p)
~PLDSE (RSt (~q)] (110
[ d ] u uu — uu
a_ + Vq2 + n(kz +p2) ng;,y (k7 _p> =2 [C&k;asgit(_P)Sya(_Q) + C;();Lg)SZZ(@SWU(_Q)
— PLASH (S (=p)] (1)
This form allows us, by defining
—1 t
|:d +UJ:| :é(w):/ ds.e_(t_s)w’ (12)
dt 0

to invert equation (11) and, on substitution in equation (8), obtain

d uu N u - uu uu - uu uu
|:dt + 21/k2:| af (k> = A 26 (wkpq) ,P[(ipjy() {Péﬁzaspu(_q)s'ya(_p) + 'Pg;ug)som (k)S'y,u(_p)

P S (RSt (—q)| + ¢

a+>f
a(,b (=K) | (—q) quu bb —p) quu bb
- /A 20 (wkpq) ,Ppr’y |:C/g,ug)8a0' (k)S'y,u, (_p) + C'(yu,g')sao' (k)spp, (_q)

—P LSt (—a)Sih (=p)| + ¢ ¢ (130)

a+>f

d 0 - - uu
st = [ 26(uh, ) (el St St () + CLP S WSt (-p)

—PS (k) Sth(~a)]
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+ /A 26wy, )C5,Y (€0, St (~ )i (—g) + CLb) St (D) S (—q)

—PGASE (kS (—p)| + ¢ (13b)
The frequencies defined in the operators @ are: aef
Wihy = Wi +wp +wh,  wf = vk,
Whhy = Wi +wl +wh, W =k, (14)

Isotropy helps to simplify this problem further. By writing the second moment in terms of the rotation-
ally invariant second-rank tensors dos and ke, kg:

Sifé(k) = (Cl5a3 + Czléa%) (15)

and since, by definition, SXX (k) = U*(k), we obtain for the incompressible problem ¢; = 715 = —c,.

Incompressibility demands IQQS(% =0, hence ¢; 4 ¢; = 0. Introducing the trace of the second moment as
SXX (k) = UX(k), allows us to rewrite equation (15) as

SS0 = di 3 POLX (k). (16)

Furthermore, the operators within the isotropic model obey:
B k) _ pk) —

PosPap=Pp, af =
pr —ph . ok ok

apy = " ayp apy ayp

Bk _ k) . k) ek k)
Paﬁpﬁm - Pam ’ Paﬁcﬁm - Cam'

POPY =d—1

)

(17)

By exploiting these symmetries, it is then a matter of algebra to show
d 2 u 4 0 u k k u u
S - i [ )P, [P e
P PEPLLU (KU (p) + P, PEPDU ()1 (q)]

HO™ Qo YL
s [0k P, [P PR G )
(d—1)"Ja, !
L POBOU KU (o) + C UL (" (g (150

[d+2nk2} Uk = — / é(wqu)d“ [—7)@) PO P@L (k) (q)
Ay

dt (d— 1)2 apy Yo ap® po

—C, PP ()" (p) + CLi), PEPLU (KU (p)]

o ap

4 S0 L . . h
bt [ 0(eh )t [P e

—Ch) POPDUL (p)u* (q) +C L) PY) qugub(k)u“(q)] . (18b)

Hot ap

It is useful to introduce geometric coefficients

1
Akgp = Ahpq = _pp(k) ’])(k) P(Q)P(P) (19(1)

apy"apot ppt o

2
brpg = 7@7)(’0 P& pla) (19b)

ppy " ypot po

2 Sk
Chpq = PPIEP)WCQ;}UIP;‘Q (19¢)

2 k k
8iap = 8ipa = ~ 15CECea PP (19d)

2

k
hipg = _ﬁc;gwcgggpg@. (19¢)

These geometric coefficients depend on the angle of the triangle formed by k, p,q, and expressed
in terms of the cosines of the resultant angles. Specifically, for a triangle formed by sides of length

9
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k,p,q and defining the cosines of the angles opposite to their sides as x, y,z, the following relations hold
[31, 34, 35]

LAY+ =1-2xz

akpq—;<1—2y222—xyz—|—(d23) [2—)/2—22]) (20a)
bipg = % <23 +ay+ (d; ) [z+xy]) (20b)
ckpq:i<z[1 —] + (dj) [z+xy]) (20¢)
Sipg = 1 +xyz+ @ [2—y* 2] (20d)
gy = 5 ((d = 1)[z+ 7). (200)

Formally, the evolution equation for the spectral energies can be written in the form

where TX(Ay) is the transfer integrand for the field X arising from a particular triad k,p,q. The con-
structed integrand depends only on the geometry of the triad; this allows us to integrate out additional

degrees of freedom in such integral .
Ak
In d-dimensions such integrals can be simplified as follows. By construction, the transfer term is

a function of just the magnitude and angle for a pair of wavevectors k and q. In d dimensions, the
Cartesian coordinates, radius, and spherical angles are related as

X1 = VC05(¢1)

rsin(¢1) cos(¢2)

X2
Xy—1 =rsin(¢py) - -sin(d,—2) cos(¢p,—1)
Xy =rsin(¢) - -sin(¢,—2) sin(¢,—1). (22)

We align, for convenience, our axis such that k is along x; and denote ¢; = 3. We now integrate out the
remaining angles ¢,,---,¢,_; which form a d — 2 dimensional sphere yielding

2
d Q=8 ,= .
/ r'(4)

(S

(23)

This now allows us to further evaluate the evolution equation for the spectral energies as:

[iﬂukz}u":/ T*(A)
Ay
=/dqdp5(p+q—k)TX(Ak)
- / AT (A) = / dgq' 1 dIQTH(A)

/q h dg ¢! / ! dg sin? 2 (B)TX(Ay) / d*2Q

B=0

=0
o0 y:l
- / dg ¢! / dy sin®>(8) T (Ag)S_a. (24)
q=0 y

=—1

To further simplify equation (24), we use the sine law of triangle and following change of variables:

10
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Figure 4. Showing the area of integration in the p — g plane, for a given , that satisfies the triangle inequality for the sides
k,p, g, hence contributing to the integral in the transfer term 7.

>~
)

[l [ [

- ﬂ) dq d (25)
<kq Ay 1P
o0 |k-+4]
where ][w] is the Jacobian for change of variables, and / dg dp= / dq / dp.
9(q,p) Ay 0 k—q]
By using the relation (25) in equation (24), we finally arrive at
d d-2 (d—3)
[d—t + Zl/kz]L{X =Sis / dq dp (%) (1-2) 7 T4, (26)
Ay

Here S; is the solid angle of a d—dimensional sphere. Now we have to integrate equation (26) over the
p — q plane that can form a triangle with a side of length k = |k|. By using the triangle inequality, this
region would involve p+q < k < |p — q|, as shown in figure 4, for every k. Isotropy implies that the
energy spectrum and spectral energy are related by

2EX (k
U (k) = deS(dL (27)

All the geometric coefficients are not independent. In fact it is not difficult to prove the following
constraints:

2a1pq = bkpq + bkqp (28a)

Zakpq = Ckpq T Ckqp (28b)

kzbkpq = szpkq (28¢)

K hipg = p*hpkg (28d)

7
8kpq = Nipq + 12 Cakp (28e)
g'c) = K (28f)
2 2 2 2 (d-2)

(P Ckgp T4 Ckpq) = (P hkqp +q hkpq) d—1 (28g)
Kal) = p*b) + b (28h)

ey = (hG — ). (28i)

11
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With the superscripts (2) and (3) corresponding to two and three dimensions, respectively. Finally,
exploiting the symmetry between p and g, we construct the quasi-normal MHD equations:

2R ) =85 [ da ap (1) + T ) + T )] W0 (290)
R 8K | g dp [Tk )+ 1 )] WA (290)
(k) = 6 () i K )~ ] ) (290)
0k p.a) = 0 (h) i E0)E @) (294)
Tk pra) = =0 () o™ R o) (29¢)

N k — — u 0 —1pu
T (5p0) = 0l ) s [K7 B () = b B ] B 0) + 0 (wfn) ek B 0)E' @)

(29)
Tk p.a) = ~(hoe) fconad™ E'(IE'(a). (29%9)
The dimensional pre-factor K; and the triad weights Wy(Ay) are

1 Sis
K;= 30a
A1) S (300

. 2 (d;3)

sin”x

wian = (S) (300)

This is a closed set of integro-differential equations, that can be solved numerically. Note that the
operators é(w’k‘pq) and é(w,’jp q) involve time integrals, as defined in equation (12). This QN model

(equation (29)) respects the conservation laws that the original PDE has. The sum of kinetic and mag-
netic energy is conserved for the ideal fluid, that is ¥ = 7 = 0. Particularly, in two-dimensions, the net
magnetic potential is conserved and for a pure kinetic model (B = 0) the enstrophy remains conserved.

Appendix B. The eddy-damped quasi-normal approximation

We now make two further approximations in the spirit of the EDQNM model [29, 33, 48, 49] for
hydrodynamic turbulence. This is because quasi Normal by itself does not ensure the positive definite
nature of kinetic energy owing to divergences in the third-order moments. This is cured by damping,
which ensures a saturation of the third-order moments by introducing an inverse time-scale i, for the
triad k, p, g,

d
DU (8 4574 ) + | ) = () ).
Hipq = Mk + tp + fq, (31)

which ought to originate from the spectrum. On dimensional grounds this is simply
i~ [E* (k)] . (32)
Further improvement of this
1
2

k
k= g [/0 dPPZE"(P)] (33)

factors in the deformation of eddies of size k~! by larger eddies. This allows for a free parameter g
which, for fluid turbulence, fixes the d-dimensional Kolmogorov constant C; for the corresponding d-
dimensional kinetic energy spectrum E(k) = C4k—/3¢*/3, For a given d, C, is chosen from interpolating
the values given in [31].

12
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We use the same inspiration, for our closure model, to define (for the magnetic field)

%+ ﬁ(/()kdpfib(p)y (34)

with the additional piece accounting for the effects of the Alfvén waves [8]; the coefficient 1/2/3 comes
from an explicit calculation of the Alfvén timescales for a Gaussian large-scale magnetic fields [34].
In summary, the final eddy-damping time-scales, acting linearly on third-order moments in our clos-

ure model, are given by:
k
/ dpszV(p)] :
0

/ kdppZE”(p)] L \/f ( / kdpEb@) (35)

Appendix C. The eddy-damped quasi-normal Markovian model

k
[ = oy [ / dpp*E’(p)
0

ol

Wi = vk +ay

w,’j =nk* + oy

The eddy-damping time-scales by itself does not guarantee the positive definiteness of the the energy
spectrum. A final approximation, due to Orszag [29], is Markovianization. This assumes that the third-

order moments vary slowly when compared to the exponential decay in the é(w}jp q) operator. This sep-

aration of time-scales allows the approximation, where the time integral in é(w,‘:m) is computed expli-

citly, leading to further simplification

é(w,ﬁ’pq) = /Otdsexp(w,‘c‘pq(ts)) = M. (36)

u
“kpq

: s ol ) — u — pu a0 ) — b — pb : :
Further, in the large ¢ limit, 0<wkpq> =1/wg,, = 0}, and O(wkpq) = 1/wi,, = Oy, This establishes an
instantaneous relationship between third and second order moments and makes the process memoryless
or Markovian.
We are now in a position, with all our ingredients in place, to write the final set of d-dimensional,

MHD-EDQNM equations for incompressible, MHD turbulence:

d%E”(k, t) = T"(k,t) — 2vk*E* (k, 1); (37a)
d%Eb(k, t) = T°(k,t) — 2nk*E° (k,¢). (37b)

It is extremely useful to study how the kinetic energy and magnetic energy spectrum interacts in the
transfer terms. In order to do that, divide the contributions to the transfer terms, as done in the main
text, as self (subscript (s)) and coupled (subscript (c)):

T"(k) = T(,) (k) + T(, (k); (38a)
T (k) = T(y (k) + T, (k); (38b)
where
k
T(y (k) = SKd/A dg dp Wd(Ak)ell:pqqubkpq (K= E*(p) — p* " (k) | E*(q) (39a)
T, (k) = 8Ky A dgq dp Wd(Ak)Qllqu;ckpq [K*=1E (p) — p*'E* (k)| E"(q) (39b)
k
T(, (k) = 8Ky /A dq dp wdmk)eskpp—qhkpq (K (p) — p ' E*(K)] E*(q) (39)
T(, (k) = SKd/A dg dp Wd(AkWﬁqkk%Cpkq (K= E"(p) — p*"E* ()| E*(q)- (394)

13
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Appendix D. Details of the numerical simulations of the d-dimensional MHD-EDQNM
model and benchmarks

Given that the original EDQNM-MHD equations have infinite degrees of freedom, to numerically study
them, we have to discretize the wavenumber space, say D. Since the EDQNM-MHD equations produce
smooth function for the energy spectrum, logarithmic discretization of wavenumber space allows us to
achieve high Reynolds number (magnetic and kinetic) in the numerical simulation. We discretize the
wavenumbers as follows:

D={k=k\N},i=12,...,N. (40)

The wavenumber bands are chosen as Ak; = k; In\. Suppose we denote the upper kj'and lower k;” lim-
its of the ith band by

kP =ki+ Ak (41a)
ko =ki— Ak, (41b)
Ak + Ak, = Ak;. (41c)

Since we wish to cover the whole of the wavenumber space till ky without any gaps or overlaps, the
lower limit of the (i+ 1)th band should coincide with the upper limit of the ith band:

ki+ Ak = ki1 — Ak (42a)
Ak, = AK 4 ki (1 - % - m;) (42b)
=Ak; +k (1—;—11?) /X:I\ (42¢)
kf = ﬁk’i Aki C(A—1-In)) - Ak (42d)
k= ﬁk_"*ll + Ak_l T 1)~ Aky (42e)
Now, without loss of generality, we choose Ak] = k; W’ whence
ki = % (43a)
k= ﬁkj‘ : (43b)

In this framework of discrete wavenumber bands, the energy integral is straightforward, that is

/ dkf(k) Z Ak f(k; (44)

and the integral in the transfer term over the triad Ay is approximated as:

N Ilnax
/ dq dpF(ki,q.p) = > Y AGAKF(k; k; k) (45a)
Aki =1 I=lpin
Imin (i,j) = [Log, (|ki — Kj[)] . +1 (45b)
lmax(i,j) = Max {N, [Log/\ (k,- + kj)] -t 1} . (45c¢)

The integration limits are chosen such that k;, kj,k; € D can form a triangle. In the above equations,
[x]< and [x]~ correspond to the lowest and the greatest integer function.

The visualization of the integral in equation (45) is shown in figure 5 for i = 20 with N = 45.

With the Fourier lattice established, we can now solve the d-dimensional EDQNM-MHD equations
with the triads calculated as discussed above. We perform simulations with N = 25,45 and 53 which res-
ults in a total number of triads 3067, 7317, and 9353, respectively. We have checked that our results are
insensitive, beyond the obvious extension of the spectral range, to the number of modes being simulated
for all our dimensions. In the manuscript we naturally report results for N =53 and 9353 triads.

14
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Figure 5. Pair of triads A, =

10°

10?

10t

10°

{p,q} is shown in (a) linear scale and (b) log scale for i = 20 wavenumber with N = 45.

102 10°

0.6

—2.40 —3.0 —7.0
0240 030 070
w240 30 970

[CFL = 0.02] X
[CFL=0.1]
[CFL=0.2]
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0.1k T N e wewrerarorore

60 70 80 90 100

Figure 6. R(¢) vs ¢ for three different dimensions and for three different CFL values (see legend) to illustrate the quality of conver-
gence of our numerical integration.

We use a forcing spectrum F(k), concentrated at large scales via F(k) ~ k? exp(—k*/2k}), with
k; =1 setting the injection scale, on the fluid velocity field to drive and maintain the fluid in a non-
equilibrium stationary state. The forcing scale is also a convenient way to define our magnetic Reynolds
number Rm = \ﬁ for our simulations. We tune our forcing to ensure the fluid kinetic energy is main-
tained at &% = 1 and since k; = 1, the magnetic Reynolds number reduces to simply Rm = 1/1.

For time marching, we use explicit methods for treating the non-linear transfer terms and an implicit
time integration for the linear viscous and diffusion terms to ensure stability. We have used a fourth-
order Runge—Kutta scheme as well as a fourth-order Adams—Bashforth scheme to integrate in time and
found that our results to be independent of the specific choice of our integration scheme; for the results
presented in the manuscript, we use the Adams—Bashforth scheme.

Finally, we ensure that the Courant—Freidrich-Levy (CFL) condition is always satisfied by explicitly
checking for the CFL at every iteration. Since EDQNM equations are in spectral space, we define the
CFL condition, heuristically as

CFL :=

<1 (46)

min

15
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where tnin = Min{\/?u;k, \/?+k, #, nk+} assures that the time-step is smaller than the smallest

time-scale in the dynamics. In particular, we have checked that our results converge for 3 different values
of the CFL, namely 0.2, 0.1, and 0.02, corresponding to a 6t =2 x 107*,10~* and 2 x 10>, respectively
for Pr=1 and Rm = 2000; for other Prandt]l and magnetic Reynolds numbers the time step is adjusted
to have the same values of CFL.

We show the quality of numerical convergence by providing in figure 6(a) linear plot of R(#) vs ¢
for 3 different dimensions and for 3 different values of CFL (see legend) for Pr= 1. As is clear from the
figure, the data from all three simulations and for the three different dimensions converge exactly. In the
manuscript, we report results for CFL = 0.02.

Appendix E. No-dynamo-dynamo transition for Pr # 1

We perform additional simulations with 0.01 < Pr < 5 to confirm the robustness of our result of the
existence of the lower and upper critical dimensions. In figure 7 we show the resultant phase diagram
plots for Pr=0.01 and Pr = 5. The lower and upper critical dimensions indeed change as a function of
Pr but, importantly, these results confirm their existence. We leave to future studies about how exactly
these dimensions depend on the Reynolds and Prandtl numbers.

20
-2
15
-4
~10 -6
' . -8
5
-10
0 -12
2 4 d 6 8 5 10 4 15 20
Figure 7. A space-time colour plot of the fraction R(#) (on a log-scale) showing that the dynamo phase is confined between a
lower dy, and upper dy critical dimensions, indicated by the dashed vertical white lines, for (a) Pr = 0.01 and (b) Pr = 5.0.
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