Quantum vortices leave a macroscopic signature in the thermal background
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Supplementary Material

Methods

The FOUCAULT model. Our model considers the the
superfluid as a collection £ of vortex lines that advect
each other following Biot-Savart integrals. Vortex lines
are parametrised employing arclength £ and time t, i.e.
the position of the vortex filaments is given by s(&,t).
Regularisation of the integrals and reconnections are built
following the Schwarz’s vortex filament model [1]. The
vortex lines interact with the normal fluid through mutual
friction coefficients 8 and 3’ as follows

v =8(6,t) = a—j = vy, +08 Xvps—B's' X (' xvps), (1)
where s’ = 9s/9¢ is the unit tangent vector, the subscript
‘1’ indicates the component of the superfluid velocity
lying on a plane orthogonal to s’ and v,s = v,, — vg at s,
with vy the superfluid velocity given by the Biot-Savart
integral
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In turn, the normal fluid satisfies the incompressible
Navier-Stokes equations
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where F,¢ is mutual friction force per unit volume re-
sponsible for the retroaction of quantum vortices on vy,
and

fus(s) = —Ds' x [s x (§ — v, (8))] — pnuk 8’ X (8§ — v, (s))

(5)
its local density, where D is a friction coefficient [2]. The
second term in equation 5 is the Iordanskii force: this
term is responsible for the misalignment of the direction
of the relative velocity between the vortex and the normal
fluid (indicated by the ruler in Fig. 3 (left) of the main
text and in Fig. S1 (left)) and the axis of the wake. The
total density of liquid helium is p = py + ps, with p,
and ps are respectively the normal fluid and superfluid
densities. Finally, p, is the effective pressure, and v, the

kinematic viscosity of the normal fluid. The mean normal
fluid velocity vy, is directly imposed during the evolution.

A complete description of the Fully ¢cOUpled loCAl
model of sUperfLuid Turbulence (FOUCAULT), including
its numerical implementation, can be found in [2].

Numerical details. The Navier-Stokes equations are
solved in a periodic domain using a standard pseudo-
spectral code. In all simulations we use a grid of 5123
grid points. The vortex filament model is evolved using
a Tree-Algortihm method that allows for an important
speed up of the Biot-Savart computations. The num-
ber of discretisation points used to represent the vortex
lines is adapted during the simulations, and fluctuates
in the steady state around 700 and 10* for v%ls) and v7(125)7
respectively.

Single vortex wake at v, = v'2) —0.94 cm/s

The pattern of the normal fluid past a single vortex at
counterflow velocity v,s = 07(115) = 0.27 cm/s was shown
in Fig. 3 of the main text. For completeness, Fig. S1
displays the wake generated by a single, straight super-
fluid vortex oriented in the positive y-direction in the
presence of counterflow in the z-direction at counterflow
velocity v,s = vﬁ? = 0.94cm/s at t ~ 7,./10. In the
left panel, we report the relative normal fluid streamwise
velocity fluctuations AvZ = vz /vZ = (vEi(z,2) — 02) /T2
vs x and z at fixed yo. In the centre (right) panel we
report the PDFs of the streamwise (spanwise) normal
fluid velocity fluctuations dv? (dvy). With respect to the
spanwise (x) fluctuations (Fig. S1, right), the PDF has
been computed taking also into account the fluctuations
generated by a vortex oriented in the negative y-direction
(this is not necessary for the streamwise component as in
this circumstance the fluctuations generated coincide).

Calculation of wake size in the single vortex
simulation
(1) (2)

For both counterflow velocities vys and v,y we compute
the size of the wake at ¢ ~ 7,./10, employing the two-
dimensional normal fluid velocity field resulting from the
motion of a single, straight superfluid vortex in presence
of a counterflow. The corresponding relative streamwise
velocity fluctuations (vZ(z, z) — %) /97 have been reported
in Fig. 3 (left) in the main text and Fig. S1 (left) in the
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Fig. S1 Single vortex wake. Temperature 7' = 1.5 K and v = 0.94cm/s Left column: relative normal fluid streamwise velocity
fluctuations Av; = dvi /o5 = (vi(x, z) — v5) /05 vs © and z at fixed yo. The ruler indicates the direction of the relative velocity
of the single vortex line with respect to the normal fluid. Centre column: PDF(dv}) vs dv; /o, where dv; = v; — o5, and o, is
the standard deviation. Right column: PDF(dvy;) vs dvy, /o, where dv = vy (05 = 0) and o, is the standard deviation. Gaussian
distributions are showed in dot-dashed dark blue line for reference. The dashed cyan lines are exponential functions to guide the eye.

Supplementary Information for vgs) and v,(fs% respectively.

The size of the wake, w, is defined as follows:

/ Ix — 80|26V, |2dzdz
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where S is the z-z two-dimensional domain orthogonal to
the superfluid vortex at fixed yo (i.e. the domain reported
in Fig. 3 (left) in the main text and Fig. S1 (left) in the
Supplementary Information); x = (z,z) is the general
position vector; s is the intersection of the vortex with
S at t = 7,./10; 0v,, = (vZ,vE — VE).
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Oseen solution

In two-dimensions, the Stokes equation describing the
steady flow of a viscous fluid past a circle at low Reynolds
number has no solution: it is impossible to enforce simul-
taneously a no-slip boundary condition on the circle and
the condition of uniform flow at infinity (Stokes’paradox).
In order to determine the flow of the fluid, it is necessary
to employ Oseen’s equation [3] which includes a linearised
convective term. With reference to Fig. S2, the velocity
of the viscous fluid V can be expressed in terms of the
velocity of the fluid at infinity U and a perturbation v,
as follows V = U + v, where U = U1A<, k being the unit
vector in the z (horizontal) direction (x is the vertical
direction). At large distances r > ag, the distances we
are interested in, V & U (or, equivalently, v < U) and
hence the convective term may be approximated as fol-

0
lows, (V-V)V =~ UEV leading to the Oseen equation

for the perturbation v:

o 1 ,

The normalised far field solution v/ = v/U of equa-
tion (7), i.e. the solution for r > ag/Re, is, in polar
coordinates, given by the following expressions [3]

C i C
o = 2 T (14 cos) e~ 3(1—cos0) _ 20
2\Vr T
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vy = —70 gSiHOe_f(l_cosa) , (8)

R
where 7 = r—e is the Oseen non-dimensional variable
ao
(the far field corresponds to 7 > 1),
2

0.5 — v —log(e/2)’

Co = 9)

~v = 0.5772 is the Euler-Mascheroni constant and v’ =
v/U. The resulting far-field vorticity w is given by the
following expression

w = CoRe Z(1—cos6) (10)

sin fe™

i
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T

whose spatial dependence is reported in Fig. S3. It is
important to note the upstream/downstream asymmetry.

The far field solution of Oseen’s equation (8) can be
employed to determine the spatial dependence of the flow
in the far wake, i.e. for 7 > 1 and # < 1. In this region
the flow is described by the following expressions
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Fig. S2 Schematic rendering of the two-dimensional flow past a circle.
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Fig. S3 Far field Oseen solution: vorticity field normalised by its maximum value w/wmqs. The size of the domain is 0.1 cm.

vl = 00\/26—?32 _ _Cj),
T T
Co 7T 762
! = —_-— —0 T4 11
Ve 2 V7 ¢ T (1)

whose streamwise component v’ = (V* — U)/U is re-
ported in Fig. S4. The iso-lines in Fig. S4 are drawn at
the same values of the relative magnitude of streamwise
velocity fluctuations employed in Fig. 3. If we compare
the linear sizes of the wakes (e.g the linear size of the
region where v’ < —0.05) we find very good agreement
between the analytical solution of Oseen’s equation and
our numerical results. Furthermore, if we compute the
PDFs of the streamwise and spanwise velocity fluctua-
tions, v* and v®, respectively reported in Fig. S5 (left)
and (right), in the far wake (for # > 10 and 6 < 10°), we
recover the same characteristics observed for the normal
fluid velocity in our counterflow turbulence simulations
and in the analysis of the single vortex wake: the PDFs
are skewed and/or with exponential tails. This similar-
ity supports our conclusion that the normal fluid in a
turbulent helium counterflow is the superposition of a

uniform background flow generated by the heater and
flow disturbances (consisting of small vortex dipoles and
large almost parabolic wakes) generated by the vortices
via the friction force.

Skewness of vortex velocity v,

Consider equation (1) in the Methods section. For T' >
1.5K (the temperature range where the p,/p > 0.1) we
have |8'| > 8 > 0, hence the streamwise vortex velocity
v} can be written as follows:

UL

(s) = (1= 18" D®F + 05 (s)) + |8'|v7(s)

= o1 (5 + 05 (9)) + <avils) (12)
where v? _(s) is the streamwise component of the Biot-
Savart integral in equation (2) in the Methods section,
e1=1—|p'|=0.88,e2 =8| =0.12, 61 + 2 =1, &1 and
€2 depend on temperature T and Reynolds number and
as temperature increases €; — 0 and €5 — 1. Values of
g1 and ey reported are evaluated at T' = 1.5K [2], and
the velocities vZ _ and v;, are evaluated on the vortex
positions s.
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Fig. S4 Far Wake Oseen solution: relative magnitude of the streamwise velocity fluctuations v'* = v*/U = (V* - U)/U.
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size of the domain is 0.1 cm. Iso-lines are drawn at the same values as in Figs. 3 and S1.
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Fig. S5 Far wake Oseen solution: Left: PDF(v*) vs v* /o, where v* is the streamwise velocity fluctuation of the solution of
Oseen's equation in the far wake region and o is the standard deviation. Right: PDF(v*) vs v® /o, where v® is the spanwise velocity
fluctuation of the solution of Oseen's equation in the far wake region and o, is the standard deviation. Gaussian distributions are
showed in dot-dashed dark blue line for reference. The dashed cyan lines are exponential functions to guide the eye.

Equation (12) implies that, in the first approximation,
the streamwise vortex velocity fluctuation dvj has the
following expression:

Ovi(s) = €100} (s) + €200 (s) (13)

To quantify the asymmetry of the PDF of §v} (reported
in Fig. 4 and echoing the experimental non symmetric
distribution of the streamwise velocity of particles likely
trapped on vortices [4]), the relevant quantity to compute

is the skewness of v7 defined as S(v%) = [0v3 (s)]> which,
following equation (13), depends on S(vZ ), S(v};) and
other velocity cross correlation terms. For v, = 1)7(125) =
0.94 cm/s (as experiments in Ref.[4] are performed at large
Uns) we obtain the following values for the skewnesses
(in non-dimensional units scaled with unit of length A =
1.59x 10~ ?cm and unit of time 7 = 1.22x1072%s): S(vi) =
—2.3x 1074, S(Z, ) =-18x 107* and S(v?) = —8 x
10~*. Hence, the skewness of vZ . does not fully account



for the skewness of v}, implying that the skewness of
v arising from the existence of the wakes, contributes
to S(v7) and hence to the non symmetrical character
of the statistical distributions of the velocity of inertial
particles observed in experiments [4]. As ey increases
for increasing temperature, the impact of the wakes on
the experimental particle velocity statistics is likely to
increase with temperature.
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