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We study the statistics of longitudinal and transverse structure functions, as well as
velocity circulation, in the inverse energy cascade of two-dimensional turbulence. Using
direct numerical simulations of the incompressible Navier–Stokes equations, we show that
transverse structure functions exhibit an anomalous scaling, in contrast to the self-similar
behavior of longitudinal ones. We derive an analytical relation that shows that the scaling
exponents of transverse structure functions and velocity circulation are related in two-
dimensional turbulence.
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Two-dimensional (2D) turbulence is a paradigmatic system in fluid dynamics as it strongly
differs from three-dimensional (3D) turbulence. One of the most remarkable phenomenon which
takes place in 2D turbulent flows is the inverse energy cascade, a process in which energy is
transferred towards large scales leading to the formation of large-scale coherent structures [1–3].
This mechanism is relevant in geophysical flows such as atmospheres and oceans, which exhibit
quasi-2D properties due to the suppression of motion in one direction induced by confinement,
stratification, rotation, or other effects [4–6]. A prime example of this phenomenon is Jupiter’s giant
red spot [7].

Unlike the direct energy cascade in three dimensions [8], it has been widely accepted that the 2D
inverse energy cascade is not intermittent. More precisely, most of the attention has been devoted
to the longitudinal velocity increments δu‖

r = [u(x + r) − u(x)] · r̂, with u the velocity field, x the
space coordinate, and r the increment. This quantity has been shown to be self-similar for a given
length scale r within the inertial range [9,10]. It follows that the longitudinal structure functions
(LSF) of order p

S‖
p(r) = 〈|δu‖

r |p〉 ∼ rζ ‖
p (1)

exhibit scaling exponents ζ ‖
p that follow a self-similar dependence p/3, consistent with Kraichnan-

Leith-Batchelor (KLB) theory [1–3]. The angular brackets 〈.〉 indicate averaging over space and
time. Note that this is in stark contrast to 3D homogeneous and isotropic turbulence, where strong
fluctuations in the velocity field lead to deviations from the Kolmogorov self-similar theory (K41)
predicting ζ ‖

p = p/3. Deviations from this scaling are typically described using multifractal theories
[8].

In recent years, the study of the intermittent behavior in turbulent flows has taken a new direction
through the analysis of velocity circulation, a conserved quantity in ideal fluids defined as the line
integral of the velocity field around a closed loop Cr of linear length scale r

�r =
∮
Cr

u · dl . (2)
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High-resolution direct numerical simulations (DNS) of 3D turbulence showed an intermittent
behavior in the statistics of velocity circulation, with scaling exponents λp of a different nature
than velocity increments [11]. That is, the naive relation between the scaling exponents of structure
functions and circulation moments, expressed as λp = ζp + p, is not satisfied. This behavior was
also observed in quantum turbulence [12–14], where the nature of vortices drastically differs
from that of classical fluids, motivating the development of new intermittency theories based on
circulation [15–17]. A recent experimental study in quasi-2D turbulence showed that the statistics
of velocity circulation is intermittent [18] and was later confirmed in numerical simulations of
2D classical and quantum turbulence [19]. This striking observation is in strong contrast with the
established self-similar picture of 2D turbulent flows. An explanation for the surprising difference
between fluctuations of circulation and velocity increments remains elusive.

A priori, the relation between increments and circulation can be understood when writing
explicitly the velocity circulation around a square loop of opposite vertices (x0, y0) and (x1, y1) =
(x0 + r, y0 + r)

�r =
∫ x0+r

x0

[ux(x, y0 + r) − ux(x, y0)]dx +
∫ y0+r

y0

[uy(x0 + r, y) − uy(x0, y)]dy. (3)

We note that the integrands correspond to the transverse velocity increments in different directions
[20]. The transverse scaling exponents ζ⊥

p are defined from the transverse structure functions (TSFs)
as

S⊥
p (r) = 〈|δu⊥

r |p〉 ∼ rζ⊥
p , (4)

with δu⊥
r = δur − δu‖

r r̂ the transverse velocity increments. It follows that a refined dimensional
guess for the circulation scaling exponent would be λp = ζ⊥

p + p, but this relation does not hold in
3D turbulence.

Scaling exponents of LSFs and TSFs in 3D homogeneous and isotropic turbulence are known
to differ, the latter being more intermittent [21]. Furthermore, high-resolution DNS showed that
the transverse scaling exponents ζ⊥

p saturate for high-order moments [22]. In 2D, the TSFs have
received much less attention.

In this Letter, we study the statistics of velocity increments and circulation in the inverse energy
cascade of 2D turbulence by means of DNS. We look independently at the longitudinal, transverse,
and circulation structure functions and do a general comparison of their scaling properties. We also
derive an analytical relation between the circulation and the transverse scaling exponents.

We describe the dynamics of a 2D flow using the incompressible Navier-Stokes equations for the
scalar vorticity field ω = (∇ × u) · ẑ

∂tω + {ω,ψ} = ν∇2ω − αω + f , (5)

where the vorticity and the stream function satisfy the relation ω = −∇2ψ , with ν the kinematic vis-
cosity and f an external forcing. The Poisson brackets are defined as {ω,ψ} = ∂xω∂yψ − ∂yω∂xψ

and the term −αω is a linear frictional damping that dissipates energy at large scales. We analyze
data from two different DNS, one kindly provided by G. Boffetta (RUN A) with Nx = Ny = N =
2048 linear collocation points and a second one at a larger resolution performed by our group
(RUN B) with N = 6144 [19]. In both cases, Eq. (5) is solved in a 2D periodic square of side
2π using a pseudospectral method and evolved using a second-order Adams-Bashforth (RUN A)
or Runge-Kutta (RUN B) scheme. For RUN A, the forcing is a random white noise in time with a
Gaussian correlation in space, which satisfies 〈 f (x, t ) f (0, t ′)〉 = F0l2

f δ(t − t ′) exp[−x2/(2�2
f )] with

� f the forcing scale [10]. For RUN B, we use a constant in time Gaussian forcing in Fourier space
f̂ (k) = exp[−(|k| − k f )2/(2
k2)], with k f = �−1

f the forcing wave number and 
k its width. We
choose the parameters α and k f in order to maximize the width of the inertial range. Due to the
implementation of different forcings in each simulation, the statistical properties of the 2D turbulent
flow slightly differ at the forcing length scale, but become negligible in the inertial range. The

L012601-2



LACK OF SELF-SIMILARITY IN TRANSVERSE …

TABLE I. Parameters of the 2D numerical simulations. N is the number of linear collocation points, α the
linear friction coefficient, ν the viscosity, L/Lf the ratio between the system size and the forcing scale, ε the
mean energy flux of the inverse cascade, �I = ∫

k−1E (k)dk/
∫

E (k)dk the integral scale, and RI = (�I/Lf )2/3

a Reynolds number based on the integral and forcing scales.

RUNS N α ν L/Lf ε �I/L RI

RUN A 2048 0.02 10−5 256 0.001 0.135 10.61
RUN B 6144 0.0328 8 × 10−6 768 0.033 0.272 35.2

turbulent properties of the flow are averaged in time once the system reaches a statistically steady
state. We average 28 fields for RUN A and 453 fields for RUN B. The parameters of each DNS are
shown in Table I.

The energy spectra for both runs develop a clear k−5/3 scaling law between the large-scale
dissipation wave number kα ∼ �−1

α with �α 	 ε1/2α−3/2 and the forcing wave number k f (see Fig. 1).
In this same range of scales, the energy flux

�(k) = 〈u<k · [u · ∇u]〉 (6)

takes negative values, a signature of the energy cascading towards large scales. The superscript
<k indicates that the velocity field considers only wave numbers such that k < |k| and ε =
k−1

f

∑k f

k=1 �(k) is the mean energy flux. The formation of a condensate at small wave numbers
is avoided by the damping term. Note that the energy flux is not exactly flat in the inertial range due
to the use of a linear damping. It has been observed that employing a hypoviscosity term flattens the
energy flux in the inertial range [23]. It is expected that, in the limit of an infinite scale separation
�α/� f → ∞, the flux becomes constant in a larger range of scales. Figure 1(c) shows the energy
spectra compensated by the KLB prediction Cε2/3k−5/3 with C = 6 [24].

For the analysis of structure functions, we compute the velocity increments along lines in both the
x and y directions. The top row of Fig. 2 shows the LSF defined as in Eq. (1) for even-order moments
up to p = 10 for both DNS.The insets display the local slopes, defined as the logarithmic derivative
ζ ‖

p (r) = d lnS‖
p/d lnr. Note that, for large scales r > �α , the flow is decorrelated and the structure

functions become flat, while for small scales r < � f they follow the viscous scaling Sp ∼ r2p. In
the inertial range, the LSFs present logarithmic corrections which affect the scaling properties of
the flow [9]. The deviations from a pure power-law scaling are stronger for RUN A than for RUN
B, probably due to the different resolutions used in each data set, as well as the peculiarities of
the forcing. To reduce these systematic deviations, we employ the extended self-similarity (ESS)

FIG. 1. (a) Energy spectra, (b) energy flux, and (c) compensated energy spectra for both DNS. The wave
number is normalized by the forcing wave number k f and the flux is normalized by its mean value ε. For the
compensated spectra we used the constant C = 6 [24].
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FIG. 2. Longitudinal structure functions in numerical simulations of 2D turbulence in the inverse energy
cascade for moments up to p = 10 for (left column) RUN A and (right column) RUN B. Top panels show the
structure functions as a function of r and the bottom panels show the ESS method. The shaded area indicates
the inertial range. The insets show the local slopes ζ ‖

p = d lnS‖
p/d lnr. Dashed horizontal lines in the insets

show the self-similar scaling ζ ss
p = p/3.

method with respect to the third-order moment S‖
3 (r) = 〈|δu‖

r |3〉 [25]. The shaded area indicates the
inertial range � f < r < �α defined from the ESS method. Note that, due to the implementation of
different forcings, the moments at the injection scale clearly differ from each other. Nevertheless,
this effect in the inertial range is suppressed employing the ESS method, as shown in the bottom row
of Fig. 2. The new local slopes defined as d lnSp/d lnS3 display clear scaling properties that follow
the well-known self-similar behavior ζ ‖

p = p/3 [10]. Following the same procedure, we compute the
TSFs. Figure 3 shows the TSFs for both data sets. Again, the structure functions display logarithmic
corrections in the inertial range that we reduce by employing the ESS method with respect to S⊥

3 .
Strikingly, the local slopes deviate from the self-similar prediction, suggesting that fluctuations of
transverse increments are stronger than longitudinal ones. This behavior is somehow similar to the
case of 3D turbulence, where the ζ⊥

p saturate for p � 10 [22]. We do not observe this saturation in
2D turbulence.

We now focus on the circulation statistics to see if there is a relation with the intermittency of
TSFs. We compute the velocity circulation around squared planar loops of size r over the whole
space. The calculations are performed in Fourier space to preserve the spectral precision from the
simulations [12]. The circulation moments 〈|�r |p〉 are shown in Fig. 4. The local slopes also exhibit
poor scaling properties, which are improved by employing the ESS method with respect to the
second-order moment 〈|�r |2〉. The insets of the bottom panels in Fig. 4 show the deviations of the
local slopes with respect to the self-similar prediction 4p/3.

Figure 5 summarizes the results of this work. The left panels show the longitudinal and transverse
scaling exponents obtained from both databases using the ESS method, exhibiting a self-similar
behavior for the former and an anomalous scaling for the latter. The error bars indicate the maximum
and minimum values of the local slopes in the inertial range. The right panel shows the circulation
scaling exponents λp obtained from the ESS method and we compare them with the transverse
exponents via ζ⊥

p + p. We also include experimental data extracted from Zhu et al. [18], obtained
without employing the ESS method. The insets show the anomalous deviations of the scaling
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FIG. 3. Transverse structure functions up to p = 10 in numerical simulations of 2D turbulence in the
inverse energy cascade for (left column) RUN A and (right column) RUN B. Top panels show the structure
functions as a function of r and the bottom panels show the ESS method. The shaded area indicates the inertial
range. The insets show the local slopes ζ⊥

p (r) = d lnS⊥
p /d lnr. Dashed horizontal lines in the insets show the

self-similar scaling ζp = p/3.

FIG. 4. Circulation moments up to p = 10 in numerical simulations of 2D turbulence in the inverse energy
cascade for (left column) RUN A and (right column) RUN B. Top panels show the circulation moments as a
function of r and the bottom panels show the ESS method. The shaded area indicates the inertial range. Dashed
horizontal lines in the insets show the self-similar scaling λp = 4p/3. The top insets show the local slopes
λp(r) = d ln〈�p

r 〉/d lnr and the bottom insets show the deviations from the self-similar scaling.
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FIG. 5. Scaling exponents in the inverse energy cascade of 2D turbulence. Panels (a) and (b) show the
longitudinal and transverse scaling exponents, respectively, for both numerical simulations up to p = 10. Panel
(c) shows the circulation exponents λp compared to the transverse exponents ζ⊥

p + p. The insets show the
anomalous deviations with respect to the self-similar prediction p/3 for velocity increments and 4p/3 for
circulation defined in Eq. (7). Error bars are defined as the maximum and minimum values of the local slopes,
which are not shown in the insets. Black crosses show experimental scaling exponents extracted from [18].

exponents with respect to the self-similar predictions ζ ss
p = p/3 and λss

p = 4p/3, i.e.,

ζ ‖
p − ζ ss

p

ζ ss
p

,
ζ⊥

p − ζ ss
p

ζ ss
p

,
λp − λss

p

λss
p

. (7)

Despite the clear differences observed in the forcing scales between the two numerical simulations,
the scaling exponents obtained from the ESS method in the inertial range are statistically equivalent.
The different trend observed in the inset of Fig. 5(a) might be due to statistical errors and it is less
than 3%. Remarkably, both data sets lead to the same transverse anomalous scaling. Moreover,
circulation scaling exponents measured in experiments coincide well with the ones measured in
both simulations without using the ESS method. These results show the robustness of the turbulent
properties of the inverse cascade in 2D flows, at least when the ESS method is used.

Starting from Eq. (3) relating circulation and transverse velocity increments, it is possible to
show using the Hölder inequality that (see Supplemental Material [20])

λp � ζ⊥
p + p. (8)

This inequality implies that, if the TSFs are intermittent, i.e., ζ⊥
p < p/3 for p > 3, then the

circulation moments also are, as it follows that λp < 4p/3 for p > 3. This relation is obeyed in
our simulations, as shown in Fig. 5(c). We remark that the derivation of Eq. (8) is valid only in the
limit r/L f � 1 for the inverse energy cascade. In 3D turbulence, using data extracted from Iyer
et al. [11] and Iyer et al. [22], we observe that the inequality still holds; however, the demonstration
of Eq. (8) needs to be modified.

To conclude, we analyzed the statistical properties of two-dimensional turbulence from direct
numerical simulations of the incompressible Navier-Stokes equations of two different databases. By
forcing at small scales, a stationary inverse energy cascade is generated which exhibits well-known
features, such as the k−5/3 scaling law for the energy spectrum and a negative energy flux. The
study of high-order moments structure functions confirmed the well-known self-similar behavior
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of longitudinal velocity increments but revealed anomalous deviations for the transverse ones. We
argue that the intermittent behavior of this quantity explains the anomalous exponents of velocity
circulation through the inequality (8). For a future work we propose to investigate the inverse
energy cascade in a dual cascade regime to study how nonlocal effects of the enstrophy cascade
affect large-scale fluctuations. We also propose to study more realistic geophysical quasi-2D flows
such as rotating or stratified turbulence. The characterization of structure functions and circulation
moments in these systems could bring some insights into anisotropic effects and could be useful for
atmospheric modeling.
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