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Pressure and size dependence of roton emission and vortex creation
by moving objects in He II in T → 0 limit:
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Nicolás P. Müller ,1,* Ladislav Skrbek ,2,† Yuri A. Sergeev ,3,‡ and Giorgio Krstulovic 4,§

1Laboratoire de Physique des Plasmas (LPP), CNRS, Observatoire de Paris, Sorbonne Université, Université
Paris-Saclay, École polytechnique, Institut Polytechnique de Paris, 91120 Palaiseau, France

2Faculty of Mathematics and Physics, Charles University, Ke Karlovu 3, Prague, 121 16, Czech Republic
3School of Mathematics, Statistics and Physics, Newcastle University,

Newcastle upon Tyne NE1 7RU, United Kingdom
4Université Côte d’Azur, CNRS, Institut de Physique de Nice (INPHYNI),

17 rue Julien Lauprêtre, 06200 Nice, France

(Received 22 May 2026; accepted 18 September 2026; published 16 October 2026)

In the framework of the generalized, nonlocal Gross-Pitaevskii (GP) model, we study
numerically the pressure- and size-dependent mechanisms of roton emission and vortex
nucleation by objects moving in superfluid 4He. For each of several pressures in the range
from 0 to the solidification pressure of ≈25 bar, we chose the parameters of the interatomic
interaction potential such that the resulting excitation spectrum for the generalized, non-
local GP equation approximates fairly accurately the pressure-dependent dispersion curve
determined experimentally by Godfrin et al. [Phys. Rev. B 103, 104516 (2021)]. In the
two-dimensional approximation, for circular obstacles (disks) moving in quiescent 4He,
we calculated two critical velocities—one corresponding to the roton emission and the
other to the nucleation of quantized vortices—as functions of pressure and the obstacle’s
size. We also comment briefly on three-dimensional simulations of the roton emission and
vortex nucleation by moving spherical obstacles.
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I. PREFACE

The cryogenic phase of 4He, the common isotope of helium, belongs to the most investigated
fluids in nature. Its liquefaction by Kamerlingh-Onnes on July 10, 1908, marks the beginning
of modern low-temperature physics. The discovery of superfluidity by Kapitza [1] and Allen [2]
opened the path to investigations of the new class of condensed matter systems, the quantum
fluids, whose properties cannot be described by Navier-Stokes equations but depend on quantum
mechanics. The extraordinary properties of the superfluid phase of 4He, for historical reasons known
as He II, are at present fairly well understood, thanks to influential works of early investigators. They
include the theoretical work of London [3] who linked superfluidity with Bose-Einstein condensa-
tion, the introduction of the two-fluid model (experimentally verified by Andronikashvili [4]), and
the prediction of second sound by Tisza [5] and Landau [6,7]; second sound was then experimentally
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discovered by Peshkov [8,9]. Onsager [10] predicted the existence of line singularities—quantum
vortices in the superfluid component of He II, whose circulation is (usually singly [11]) quantized in
units of κ = 2π h̄/m4, where h̄ is Planck’s constant and m4 is the mass of the superfluid particle, the
4He atom. Their existence leads to quantum turbulence, first considered as a theoretical possibility
by Feynman [12] and investigated in pioneering experiments in thermal counterflow of He II by
Vinen [13]. Landau [6,7] predicted the shape of the dispersion curve as consisting of a linear
“phonon” part at small k followed by a broad local maximum and “roton” minimum. Cohen and
Feynman [14] suggested to determine the dispersion curve experimentally by using inelastic neutron
scattering. A number of experiments confirming Landau’s prediction followed [15,16].

A moving body, such as a nearly macroscopic positive ion “snowball” or negative ion “bub-
ble,” accelerated in He II [17] by an electric field to a certain critical velocity, can generate
excitations—rotons, phonons, and/or quantized vortices [18,19] (or, alternatively, cause cavitation
[20])—destroying superfluidity. Fundamental critical velocities for roton generation and vortex
creation in isotopically pure bulk He II in the zero-temperature limit have been investigated by
McClintock and coworkers in a series of experiments in Lancaster [21–31] (see also a detailed
review by McClintock and Bowley [32]) and theoretically by Bowley and Sheard [33], Bowley
[34], and Muirhead et al. [35] (see also Ref. [36]). We should also mention here the fundamental
theory of roton creation by moving ions developed earlier by Iordanskii [37] and Volovik [38]. At
low externally applied pressures, negative ions created charged vortex rings, while at high pressures
above 10–11 bar the drag on a moving negative ion remains negligibly small until a critical velocity
vcrit

rot is attained, which is close to the Landau critical velocity

vcrit
L ≈ �R/h̄k0, (1)

where �R and k0 are, respectively, the pressure-dependent roton energy gap and the wave vector
k0 at the roton minimum [15,39], and then quickly rises, until at another critical velocity vortex
generation occurs. These Lancaster time-of-flight experiments are considered as low-temperature
classics. A pressure dependence of the ion’s critical velocity vcrit

rot corresponding to the emergence
of roton emission was correctly attributed by McClintock, Bowley, and their co-workers (see, e.g.,
Ref. [33] and the review by McClintock and Bowley [32] and references therein) to the pressure
dependence of the Landau critical velocity given by Eq. (1). However, vcrit

rot does not exactly coincide
with vcrit

L , see, e.g., Ref. [27] for detail.
The pressure dependence of the critical velocity of vortex creation vcrit

v was known from the
results of experimental measurements [23,26,31,40], backed up by the semiclassical theoretical
calculations of Muirhead et al. [35] (see also Ref. [36]) and Bowley [34]. Note, however, that the
values of vcrit

v predicted by Bowley’s calculation were higher than those calculated by Muirhead
et al. and observed experimentally.

The study presented in this article is motivated by two recent developments, one theoretical and
the other experimental. The former is an application of the generalized, nonlocal Gross-Pitaevskii
(GP) model to the study of roton emission and nucleation of quantized vortices by objects moving
in superfluid 4He [41,42]. The latter is a detailed experimental study by Godfrin et al. [15] of the
properties of superfluid 4He at elevated pressures; this study resulted, among other important find-
ings, in the accurate quantitative description of the Landau dispersion curve for pressures ranging
from P = 0 to P = 24 bar, the latter being close to the pressure of solidification at ≈25 bar. Our
article, after discussing the situation in the historical context, offers a physically motivated approach
which enables us to analyze the physical mechanisms responsible for the pressure dependence of
two critical velocities, vcrit

rot and vcrit
v , within a single theoretical framework based on the generalized,

nonlocal GP model. Because a numerical analysis of this model presents substantial difficulties, our
study is mainly restricted by the analysis of the modeling, two-dimensional (2D) problem [although
we comment, rather briefly, on three-dimensional (3D) calculations as well]. Nevertheless, the
results of our 2D numerical simulations explain the underlying physics of the problem in qualitative
agreement with experimental observations.
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FIG. 1. The dispersion curve of 4He at P = 0 and T < 0.1 K determined by neutron scattering. �M and �R

are the maxon and roton energies (“gaps”). The plateau at E = 2�R (k � 2.8 Å−1) is known as the “Pitaevskii
plateau,” see, e.g., a review [16]. Reprinted by permission of Godfrin et al. [15].

II. INTRODUCTION

A. Dispersion relation at different pressures

The most fundamental property of a many-body system is represented by the dispersion relation
for elementary excitations E (k), where E and k are their energy and wave number, respectively. For
superfluid 4He at saturated vapor pressure (SVP), Landau [6,7] predicted the shape of the dispersion
curve as consisting of a linear “phonon” part at small k followed by a broad local maximum at
k ≈ 1 Å−1 (“maxon”), which, most importantly, is followed in turn by a deep “roton” minimum at
k ≈ 2 Å−1.

Following the original proposition by Landau, Feynman linked the emergence of rotons to the
transition from a vortex to an elementary excitation. To quote Ref. [12], “a roton is the ghost of a
vanishing vortex ring.” The nature of rotons continues to be discussed, see, e.g., Refs. [43,44]. In the
latter of these works, Balibar showed that a sharp maximum in the static structure factor of liquid
helium at the wave number k corresponding to the average interatomic distance is directly linked
to the roton minimum of the dispersion curve, and hence concluded that rotons, whose existence
works against superfluid order, are precursors to solidification.

Later elaborate experiments (see, e.g., Ref. [15] and references therein) confirmed the shape of
the dispersion curve suggested by Landau and, importantly, resulted in the detailed description of
E (k) and roton and maxon parameters in dependence of temperature and pressure, the latter in
the range from SVP to P = 24.08 bar, close to the pressure of solidification at ≈25 bar. At P = 0
and temperature T < 0.1 K, the dispersion curve obtained by neutron scattering [15] is shown in
Fig. 1.The dispersion relation at high wave vectors increases up to a maximum energy ≈2�R, called
the Pitaevskii plateau [45]. Since high-k excitations can decay into roton pairs, they cannot remain
sharp above the plateau. The experimental investigation of this region is difficult (see Ref. [15]
and references therein). At saturated vapor pressure, single excitations reach twice the roton gap
at 2.8 inverse Å, the energy remains constant in the vicinity of 2�R between 3.0 Å−1, and the end
point of the dispersion curve is at k = 3.6 Å−1. As for even higher k, Marchenko and Parshin [46]
claimed that the spectrum of the bulk excitations should be recovered at a certain critical point with
the coordinates of about several roton energies and momenta in the form of the spectrum of vortex
rings.
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FIG. 2. The dispersion relation in the vicinity of the roton minima at different pressures (accurate values
of pressure are 0, 0.51, 1.02, 2.01, 5.01, 10.01, and 24.08 bar). Reprinted by permission of Godfrin et al. [15].

Landau’s critical velocity provides a general expression for the breakdown of superfluidity. In
particular, it states that when an object moves at a velocity v, quasiparticles are excited at wave
vectors k such that

h̄v · k + E (k) = 0. (2)

In the case of superfluid helium, it follows from Fig. 1 that this equation has a solution only if
the velocity of the object exceeds the one given by the roton minimum determined by formula (1).
For this work, it is thus important to know how the roton minimum shifts with externally applied
pressure, which is shown in detail in Fig. 2. We emphasize that these experimental data are backed
up by calculations in the framework of the density functional theory [15].

B. Pressure dependence of critical velocities: A short review of earlier experimental
and theoretical studies

Experimental verification of the Landau critical velocity vcrit
L as well as the critical velocity for

vortex nucleation vcrit
v required overcoming a number of hurdles. The critical velocities observed

in numerous early experiments were much lower than those theoretically predicted, sometimes by
orders of magnitude. There are several important issues that had to be taken into account.

Firstly, almost all macroscopic samples of He II contain a few vortices with their ends pinned
on the container walls or on solid objects within the superfluid; Awschalom and Schwarz [47] even
provided an estimate of their density. The remnant vortices might have been left from an earlier
experiment, or they might have been formed by the Kibble-Zurek mechanism [48] when the helium
sample was cooled through the λ transition. It is these so-called remnant vortices that in practice are
usually involved in the breakdown of superfluidity [49] upon exceeding the flow velocities typically
of the order of a few centimeters per second. There are several ways to avoid the influence of remnant
vortices. One can try to carefully prepare a macroscopic vortex-free sample of He II by slowly
condensing 4He through a tiny pinhole [50], or to probe a very small volume, likely containing
no remnant vortices. To this end, efficient probes are helium ions, so small that their motion is
unlikely affected by remnant vorticity. The ions can be thought of as very small charged spheres
that may be manipulated with electric fields and detected by the currents they induce in surrounding
electrodes. The positive ion of radius ≈0.6 nm can be described as a snowball of about 20 helium
atoms surrounding a 4He+ ion, held together by electrostriction. The negative ion is an electron

104705-4



PRESSURE AND SIZE DEPENDENCE OF ROTON …

R
 (Å
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FIG. 3. Variation of the negative ion radius with pressure. Shown are the data derived from measurements
of the trapping cross section in quantized vortex lines by Springett and Donnelly as well as the data derived
from the measurements of the mobility of negative charge carriers in He II. For details, see Ref. [53], from
which the original figure is reprinted by permission.

within an otherwise empty bubble. Its radius R can be estimated by minimizing the energy E of this
object, assuming that this energy consists of the zero point energy, surface energy of the bubble, and
the work done against the liquid pressure in creating the cavity [51],

E = (2π h̄)2

8mR2
+ 4πR2α + 4

3
πR3P, (3)

where m is the electron mass and α denotes the surface tension of He II. At zero temperature (i.e.,
in the T → 0 limit), minimizing E given by Eq. (3) yields (depending on the exact value of α)
the radius R slightly below 2 nm [51]. Experimentally, Springett and Donnelly [52] derived the
pressure dependence of the radius of the negative ion from the measurements of ion’s trapping
cross section on quantized vortex lines. Ostermeier [53] performed accurate measurements of the
mobility of positive and negative charge carriers in He II, at pressures up to the melting pressure and
temperatures down to 0.27 K and analyzed them using existing theories which yielded the electron-
bubble radius as a function of pressure. Generally, the radius of the negative ion has been found to
vary between ≈1.1 nm (near the melting pressure) and ≈1.7 nm (under equilibrium saturated vapor
pressure), see Fig. 3.

Secondly, a crucial factor for reliable experimental investigation of critical velocities is the purity
of the He II sample. Impurities other than 3He can be removed relatively easily via freezing them
out, but at temperatures well below 1 K even a tiny concentration of 3He atoms lowers the observed
critical velocities significantly [29]. The concentration of 3He atoms in technical 4He, typically
around 1 ppm, is too high for this kind of sensitive experiment performed at very low temperature.
To this end, McClintock’s group in Lancaster [54,55] developed a purification cryostat capable of
producing, in continuous operation, 4He of excellent isotopic purity, probably better than 5 × 10−13,
suitable for such experiments. This purified 4He was then supplied to other laboratories worldwide;
in other laboratories the investigators purified the He II sample in situ using the heat flush effect of
thermal counterflow when filling their experimental cells.

We now describe in more detail the experimental studies of pressure dependences of the roton
emission and the nucleation of vortex rings by moving objects (such as negative ion bubbles) in
low-temperature, pure 4He. The earliest experimental studies of motion, in the electric field, of
negative ions in pressurized 4He were carried out in the 1960s by Meyer and Reif [17] and Rayfield
[19,40]. The latter found that the behavior of negative ions at pressures higher than ≈12 bar differed
from that at lower pressures. In particular, Rayfield discovered that at high pressures ions could be
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accelerated to the critical velocity, which was close to vcrit
L and decreased with pressure. Making

use of the available data [39] for the pressure dependences of the roton parameters � and k0, it
can immediately be seen that such a behavior is consistent with the pressure dependence of the
Landau critical velocity predicted by Eq. (1). However, Rayfield’s experiments [19,40] had a serious
drawback: They were carried out at temperature T = 0.6 K. At this relatively high temperature a
drag force exerted on the ion bubble by the scattering of ambient rotons is not negligible [56].

Experimental studies of negative ion currents and an individual ion’s motion in the electric field
at lower helium temperatures, 0.27 K � T � 0.5 K, such that the drag force caused by scattering
of ambient quasiparticle excitations can be neglected, were conducted in Lancaster by McClintock
and co-workers and reported in numerous publications [21–32]. These experiments were performed
in the range of pressures from P = 0 to the pressures close to that of solidification at P ≈ 25 bar.
In the earliest of these works, Phillips and McClintock [21] found that at pressure Pcrit ≈ 10 bar the
ion current rapidly increased with pressure and, for T < 0.5 K, became independent of temperature.
Based on the interpretation of their later experiments [22] supported by theoretical considerations
by Bowley and Sheard [33], McClintock and co-workers concluded [22] that at pressures below
Pcrit most of the ions in the current traveled as charged vortex rings [57]. As pressure increased
beyond Pcrit, a larger proportion of the ion current consisted of bare ions (more precisely, ion
bubbles) traveling with the velocity vcrit

rot close to the Landau critical velocity vcrit
L . Further theoretical

studies [34,35] of the nucleation of vortex rings and measurements, in the wide range of external
pressures, of the critical velocities for roton creation [27] by ions moving in the electric field enabled
McClintock, Bowley, and their co-workers to arrive at the following interpretation [29,32] of their
findings: The reason why an elevated external pressure is needed to support a current of bare ions is
the pressure dependencies of the Landau critical velocity vcrit

L (more precisely, of the critical velocity
of roton emission vcrit

rot , which differs slightly from vcrit
L ; for details of the difference between vcrit

rot
and vcrit

L see Ref. [27]) and of the critical velocity of nucleation of the vortex rings vcrit
v . At a given

pressure, the ion can be accelerated by an electric field to the lowest of the two critical velocities,
vcrit

rot or vcrit
v . The Landau critical velocity vcrit

L and the critical velocity of roton emission vcrit
rot decrease

with pressure. Experimental [26,31] and theoretical [34,35] investigations of the critical velocity of
rings’ creation showed that vcrit

v increases with pressure (note that the theory developed by Muirhead
et al. [35] agrees with experimental data better than that proposed by Bowley [34]). Remarkably,
the theoretical curves for vcrit

rot (P) and vcrit
v (P) cross at 10–12 bar (see Fig. 1 in Ref. [27]), in good

agreement with the critical pressure Pcrit observed experimentally. These findings made clear the
reason for a difference in the character of ions’ motion at high and low pressures: At pressures
above Pcrit, upon reaching the velocity vcrit

rot (P) the motion of ions becomes controlled by the energy
dissipation (and hence the drag force) caused by the emission of rotons. At pressures below Pcrit, the
limiting velocity vcrit

v is associated with dissipation caused by generation, by a moving ion bubble, of
a different type of excitations—quantized vortex rings, and the experiment cannot determine vcrit

rot (P)
here. On the other hand, at high pressures above Pcrit, in strong enough electric fields, the negative
ions can be forced to drift with the velocity exceeding vcrit

rot (P), which allowed the Lancaster group
to estimate both vcrit

rot (P) for roton emission and higher vcrit
v (P) for nucleation of vortex rings [26,31].

Unfortunately, the absence of a mathematically simple microscopic theory of superfluid 4He
precludes a description of these two pressure-dependent dissipative mechanisms and critical ve-
locities associated with them within a single theoretical framework. As an alternative, we suggest
below an approach based on the generalized, nonlocal Gross-Pitaevskii model which incorporates
the correct pressure-dependent dispersion relation for 4He and also reproduces some of the other
essential properties of superfluid helium.

III. MODELING SUPERFLUID HE II BY THE GENERALIZED, NONLOCAL
GROSS-PITAEVSKII EQUATION

Because the origin of 4He superfluidity is associated with the Bose-Einstein condensation of
bosonic helium atoms, the superfluid can be described, in the mean-field approximation, in terms of
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the complex order parameter—macroscopic wave function

ψ (x, t ) =
√

n(x, t ) exp[iθ (x, t )], (4)

where x is the spatial coordinate, n = ρ0/m4 = |ψ |2 is the number density of the condensed atoms
(in the zero-temperature limit considered in this work, ρ0 = ρ, where ρ = 0.145 g/cm3 is the density
of helium), and θ is the phase whose gradient determines the superfluid velocity, v = (h̄/m4)∇θ .
The superflow is irrotational, ∇ × v = 0, but superfluids can support line defects—quantum vortices
on which the vorticity, ω = ∇ × v, is singular. Each vortex carries a single quantum of circulation,
κ = 2π h̄/m4 ≈ 10−3 cm2/s.

In what follows, a phenomenological description of superfluid 4He will be based on the gener-
alized, nonlocal Gross-Pitaevskii equation (gnlGPE) proposed by Berloff and Roberts [58] in the
form

ih̄
∂ψ

∂t
=

[
− h̄2

2m4
∇2 − μ(1 + χ ) + g

∫
V (|x − x′|)|ψ (x′, t )|2 dx′ + gχ

|ψ |2(1+γ )

nγ

0

+ Vext(x, t )

]
ψ,

(5)
where μ is the chemical potential; g = 4π h̄2as/m4 is the constant of interatomic interactions, with
as being the s-wave scattering length; n0 = |ψ0|2 is the density of bosons in the ground state; and Vext

is the external potential; the fourth term in the right-hand side of Eq. (5) represents the higher-order
correction to the local density approximation and will be discussed later together with the meaning
of nondimensional constants χ and γ . The third, integral term in the right-hand side describes
nonlocal interatomic interactions determined by the two-body, isotropic, long-range potential V (r),
where r = |x − x′|.

Perturbing Eq. (5) around equilibrium leads to the generalized Bogoliubov dispersion relation

ω(k) = ck

√
ξ 2k2

2
+ V̂ (k) + χ (γ + 1)

1 + χ (γ + 1)
, (6)

where k is the wave vector of the perturbation and

c =
√

gn0 fNL

m4
, ξ = h̄√

2m4gn0 fNL
, fNL = 1 + χ (γ + 1) (7)

are the speed of sound and the healing length, respectively. The Fourier transform of the interaction
potential V̂ (k) = ∫

eik·xV (x) dx is normalized such that V̂ (k = 0) = 1. Note that with this conven-
tion ω(k) ≈ ck for k → 0.

Assuming the locality of interactions between bosons, so that the potential V becomes the
δ function, V (|x − x′|) = δ(x − x′), and neglecting the higher-order correction (χ = 0), Eq. (5)
reduces to the classical, (“standard”) Gross-Pitaevskii equation (GPE), which provides an accurate
quantitative description of dilute quantum gases but, in general, cannot serve as a quantitative model
of dense 4He. Note, however, that the classical GPE gives a good qualitative (and in some cases even
quantitative) description of the vortex nucleation by moving objects in liquid helium at temperatures
close to absolute zero, see, e.g., Refs. [59–66]. Of particular relevance to our work is the numerical
study by Villois et al. [67] of the electron bubbles’ mobility limited by vortex nucleation. However,
the standard GPE is not applicable to the analysis of roton emission simply because the excitation
spectrum for this equation is strictly monotonic and therefore cannot reproduce the Landau spectrum
of excitations in 4He.

An idea of using the long-range potential V (r) for a phenomenological description of superfluid
helium was discussed by Gross [68] and later by Dupont-Roc et al. [69], Pomeau and Rica [70], and
Dalfovo et al. [71]. It is now well understood [41,42,58,72–74] that with an appropriate choice of
parameters modeling the interaction potential V (r) the excitation spectrum for the gnlGPE (5) can
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approximate fairly accurately the phonon, maxon, and roton parts of the Landau excitation spectrum
of 4He.

Based on the density functional theory [69,71] for 4He, the higher-order correction term,
gχn−γ

0 |ψ |2(1+γ ), was added by Berloff and Roberts [58] when they realized [72] (see also Ref. [74])
that the replacement alone of the local interatomic interaction potential V (|x − x′|) = δ(x − x′)
in the classical GPE with the nonlocal one leads, in the numerical analysis, to the emergence of
nonphysical mass concentrations. We note here that, together with a choice of potential V (r), a
choice of the constants χ and γ makes it possible to reproduce the equation of state for liquid
helium. In particular, the value γ = 2.8 is required to reproduce [41,58] the long-wave speed of
sound, which is proportional to ρ2.8.

Nonlocal Gross-Pitaevskii equations, with a spectrum of excitation possessing a roton-like
minimum, also emerge in the theory of dipolar quantum gases (see, e.g., Refs. [75,76]). Among very
recent works addressing the issue of roton’s nature, it is worth mentioning an interesting theoretical
study [77] of elementary excitations in two-dimensional dipolar Bose-Einstein condensates. In
full agreement with Feynman’s hypothesis, the authors of Ref. [77] found that quantized vortex
dipoles which, in two dimensions, model three-dimensional quantized vortex rings transit into roton
excitations rather than into phonons.

Based on the gnlGPE (5), some of us investigated theoretically and numerically [42], in the
zero-temperature limit, the mechanisms of roton emission and of nucleation of quantized vortices
by objects moving in superfluid 4He and calculated the associated critical velocities (see also a
recent review [20] of this and related works). In the cited work [42], for the interatomic interaction
potential V (r) we chose an analytical form such that the dispersion relation derived from Eq. (5)
approximates, fairly accurately, the Landau excitation spectrum [15] at zero pressure (see Fig. 1).

In what follows, the mechanisms of superfluidity breakdown will be studied numerically and the
associated critical velocities calculated, in the two-dimensional setting, for interaction potentials
V (r) which correspond to the dispersion curves that approximate the spectra of excitations in 4He
at elevated pressures in the range from 0 to 24 bar, shown in Fig. 2. Instead of using an analytical
expression for V (r), the potentials are obtained by inverting Eq. (6) using explicitly the experimental
data of the dispersion relation reported in Ref. [15] to obtain directly V̂ (k) (see Appendix for more
details). In this way, our model satisfies by construction the observed helium dispersion relation at
different pressures.

IV. RESULTS

To obtain the critical velocity for the breakdown of superfluidity, we analyze the stationary
solutions for the superfluid in the frame of reference comoving with the obstacle. To do so, we
perform numerical simulations of the gnlGPE (5) in two dimensions using the pseudospectral code
FROST [78], in a square of size L = 2π with periodic boundary conditions. We study resolutions that
vary from N2 = 1282 to N2 = 64002 linear collocation points, fixing the healing length ξ = 1.5�x
with �x = L/N the resolution, c = 1, and n0 = 1 (except for P = 0, where we fix ξ = 3�x to
solve the Pitaevskii plateau). We vary the size of the moving obstacle from D = 10ξ to D = 1000ξ ,
keeping always L > 5D to avoid spurious effects arising from the boundary conditions. The obstacle
in two dimensions is imposed using an external potential with a Gaussian profile,

Vext(x − Ut ) = V0 exp

(
−|x − Ut |2

2�2

)
. (8)

In the Thomas-Fermi approximation, the size of the obstacle is determined by the relation � =
D/[2

√
2 log(V0)], with D being the diameter of the disk, and the amplitude of the potential V0 =

10 � 1 to completely deplete the superfluid.
Assuming the steady wave solutions in the form ψ (x − Ut ), we then look for maxima or minima

of the free energy using a Newton-Raphson method, coupled with an iterative biconjugate gradient
stabilized method to improve convergence (see Refs. [42,79] for details on the methods). Varying
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TABLE I. Dependence of the speed of sound c and the healing length ξ on the pressure P. Values of ξ are
extracted from Donnelly [80], while the rest are extracted from Godfrin et al. [15].

P [bar] c [m/s] ξ [Å] krot [Å−1] vcrit
L [m/s] Mcrit

L

0 238.3 0.8 1.918 58.76 0.247
2 253.9 0.83 1.935 57.37 0.229
5 274.0 0.85 1.957 55.49 0.202
10 302.3 0.92 1.988 52.69 0.174
24 361.9 1.03 2.048 46.45 0.128

the Mach number, defined as M = U/c (here, U = |U|), and the diameter D of the obstacle, we
characterize the bifurcation diagram for the energy of stable and unstable solutions. Stable solutions
typically correspond to the moving obstacle, while unstable solutions may have a pair of quantum
vortices that move along with the obstacle [42,59,63]. The maximum Mach number obtained via
this analysis determines the critical velocity for superfluidity, defined as Mcrit = U crit/c. Velocities
larger than this one do not correspond anymore to stationary solutions, and elementary excitations
start to be generated in the wake of the obstacle.

We impose an interaction potential between bosons that describes the experimental dispersion
relation observed in He II according to Ref. [15] for pressures P = 0, 2, 5, 10, and 24 bar. Note that
not only the dispersion relation changes with pressure in He II but also the speed of sound c and
the healing length ξ . Their values are shown in Table I [15,80]. For pressures P = 0, 10, and 24 bar
the dispersion relation |ψ̂ (k, ω)|2 is illustrated in Fig. 4 and compared with that for the standard
GPE. For wave vectors larger than the experimental accessible values, we adjust the interaction
potential to make the dispersion curve go smoothly toward the k2-“free-particle” dispersion relation
of the Gross-Pitaevskii model. The Pitaevskii plateau was only measured experimentally for P =
0 bar, and to solve it properly we increase the resolution of the simulations only for this case. For
each pressure, the wave vector is normalized by the pressure-dependent healing length ξ , and the

FIG. 4. Dispersion relation of the gnlGPE for interaction potentials for superfluid 4He at different pressures.
For comparison, we also show the Bogoliubov dispersion relation for the standard GPE.

104705-9



MÜLLER, SKRBEK, SERGEEV, AND KRSTULOVIC

FIG. 5. (a) Critical Mach number Mcrit = vcrit/c as a function of the obstacle’s diameter D normalized by
the healing length ξ at different pressures. Horizontal dashed lines indicate Landau’s critical Mach number
Mcrit

L . (b) shows the same curves in physical units.

frequency is normalized by the vortex time scale τP = ξ/c, where c is the pressure-dependent speed
of sound; ξ = ξ (P) and c = c(P) are recorded in Table I.

The main results of this article are summarized in Fig. 5. Landau’s criterion for superfluidity
Eq. (2) states that the critical velocity of the system is given by vcrit

L = mink ω(k)/k = �R/h̄k0

(see Table I). This critical velocity decreases as the pressure increases, and when normalized with
the speed of sound (that also increases with pressure), the Mach number decreases even faster.
For instance, at P = 0 Landau’s Mach number is Mcrit

L = 0.247, while at P = 24 bar Mcrit
L = 0.128,

showing a difference factor close to 2. For obstacles of small sizes, the critical Mach for superfluidity
is determined by this value. The other critical Mach number, Mcrit

v = vcrit
v /c, where vcrit

v is the critical
velocity of nucleation of quantized vortices, is obtained from the solution of the standard GPE. This
critical Mach number decreases with the obstacle’s size. For all pressures, as the size of the obstacle
increases, the critical Landau’s Mach numbers also start to decrease, and eventually they all seem to
collapse on the single curve determined by the Mach number of vortex nucleation, Mcrit

v . For larger
pressures, the critical Mach number for rotons extends to larger obstacles, and the gap between
the roton and vortex Mach numbers becomes larger. This result suggests that it might be simpler
to detect rotons at larger pressures. Figure 5(b) shows the same curves using physical units. For
particles of small sizes, D < 100 nm, there is a gap between the critical velocity for rotons and the
one of vortices (obtained using the standard GPE) that increases with pressure.

In He II, the dynamics of small particles is studied through negative ions, accelerated by an
external electric field to a certain velocity. Typical values of the size of these bubbles for different
pressures are shown in Table II. From now on, the sizes of the obstacles we use in the simulations
at different pressures correspond to the ion sizes. Figure 6 shows the critical Mach numbers and
velocities of these ions at different pressures. The roton critical velocity is obtained using the same
minimization method as the one used to obtain Fig. 5, while the vortex nucleation critical velocity
is obtained using a dynamic approach, in which the particle is accelerated until it reaches a certain

TABLE II. Dependence of the healing length ξ , the speed of sound c, and negative ion diameter D on the
pressure P. Values of ξ are extracted from Donnelly [80], values of c are extracted from Godfrin et al. [15],
and D are extracted from [53].

P [bar] 0 2 5 10 24

ξ [Å] 0.8 0.83 0.85 0.92 1.03
D [Å] 34.5 30.6 27.8 25.2 21.7
D/ξ 43.1 36.9 32.7 27.3 21.1
c [m/s] 238.3 253.9 274.0 302.3 361.9
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FIG. 6. Critical (a) Mach numbers and (b) velocities for roton emission (Mcrit
rot and vcrit

rot , respectively) and
vortex nucleation (Mcrit

v and vcrit
v ) for negative ions at different pressures. The sizes of the ions are reported in

Table II.

target velocity; we let it evolve for a time around 10ξ/c and look to see if any vortex was nucleated.
We do this using steps of �M = 0.01. Note that with this method, vortices nucleate only when
rotons have already been emitted. Supplemental simulations which include dissipation confirm
that rotons do not significantly affect the critical velocity for vortex nucleation. This supports
our treatment of roton emission and vortex nucleation as independent processes under prescribed
velocity conditions. Figure 6(b) shows that the critical velocity for emission of rotons decreases
with pressure, while the one for vortex nucleation increases, a trend that qualitatively agrees with
experimental observations, e.g., Refs. [27,32]. As the gap �vcrit = vcrit

v − vcrit
rot increases, there is a

larger region in which rotons could be observed in the absence of quantum vortices. To confirm this
picture, Fig. 7 shows a visualization of the mass density of the superfluid in the presence of ions
moving at different Mach numbers. For M = 0.17, only the moving ion at P = 24 bar excites rotons
in the system. For M = 0.28, rotons are emitted for all pressures, and we observe no nucleation of

FIG. 7. Mass density of the superfluid at different pressures for negative ions moving at different Mach
numbers. Values of M are chosen to illustrate the excitation of rotons and quantum vortices.
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FIG. 8. Two-dimensional Fourier transform of the mass density |ψ̂ (kx, ky )|2 for the same times as in Fig. 7.
Red dotted lines indicate the wave number krot associated with rotons for each pressure.

quantum vortices, as its critical Mach number is around Mcrit
v ≈ 0.3. For the largest Mach number

shown here, M = 0.35, we see that vortices are nucleated in all cases.
To confirm that the honeycomb-like structure observed in Fig. 7 correspond to rotons, we analyze

the mass density spectrum of the superfluid, |ψ̂ (kx, ky)|2 (here, ψ̂ is the two-dimensional Fourier
transform of the macroscopic wave function). Figure 8 shows that for all velocities, low wave
numbers are excited due to the density depletion introduced by the moving obstacle. Below Landau’s
critical velocity, these are the only excited wave numbers in the system. As the velocity exceeds
Landau’s critical one, wave numbers close to krot become excited, confirming the relation between
the honeycomb-like structures and rotons. Finally, for higher velocities, more wave numbers get
excited due to nonlinear interactions and the presence of vortices.

V. CONCLUSIONS

We studied the critical velocities for vortex nucleation and roton emission in superfluid 4He at
pressures ranging from 0 to 24 bar. We performed numerical simulations of the generalized, nonlocal
Gross-Pitaevskii equation, imposing a nonlocal interaction potential that reproduces the excitation
spectrum observed experimentally [15] in superfluid 4He across this pressure range. By introducing
a moving object of varying sizes and velocities, we identified the critical velocity for roton emission
through the characterization of the bifurcation diagram via a minimization method, and a second
critical velocity for vortex nucleation through a dynamic approach.

As pressure increases, the critical Mach number for rotons decreases from Mcrit
rot ≈ 0.247 at 0 bar

to Mcrit
rot ≈ 0.128 at 24 bar, values that are close to Landau critical velocity. This behavior is observed

for small particles, where all curves display different critical velocities. As the size of the particle
reaches values D � 1000ξ , the curves for all pressures collapse, following the same behavior as for
the standard GPE, associated with the critical velocity for vortex nucleation.

Focusing on the dynamics of negative ions, we found that the critical velocity for vortex
nucleation increases with pressure, while the critical roton velocity decreases. These results are
qualitatively in agreement with experimental observations in superfluid 4He [27,32]. The gap
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between the critical velocities for roton emission and vortex nucleation increases with pressure,
suggesting that detection of rotons, in the absence of vortices, could be achieved at high pressure.
The critical velocity for vortex nucleation is not significantly affected by the presence of rotons.
In our approach, a fixed velocity of the moving obstacle is prescribed; this justifies an independent
treatment of the two critical velocities. However, such a treatment would no longer hold if the drag
force on the obstacle were computed. Such a scenario lies beyond the scope of this work and is left
for future investigation.

Because of the numerical complexity of our study, we have restricted ourselves to 2D simula-
tions. Remarkably, the numerical values obtained from our simulations are comparable to those
reported in experiments. However, a detailed study of the critical velocity in three dimensions
remains computationally prohibitive, particularly for determining the vortex configuration at the
onset of nucleation. Analytical calculations by Muirhead et al. [35], using a pure hydrodynamical
approach, predict that vortex loops—vortices with both ends attached to the ion—are more likely
to nucleate than a vortex ring located at the ion’s equator. In contrast, numerical works using the
standard GPE in two dimensions [59] and three dimensions [61] show that, while an ion-vortex
loop is more energetically favorable than an ion-vortex ring configuration, the energy gap between
the two reduces as the ion’s speed increases, eventually vanishing at the critical velocity. Thus,
in practice, both configurations may coexist once vortices begin to nucleate. What constitutes the
minimal seed of vortex nucleation in three dimensions remains an interesting and open question,
particularly in the context of the generalized Gross-Pitaevskii equation, and should be an object
of future investigation. Finally, it is important to note that in our simulations, the ion is modeled
as a perfectly spherical hard sphere. Varying the ion modeling—for example, by considering a
bubble-like object [67] or nonspherical ions—could modify the measured values, though trends
with pressure may remain unaffected.

To conclude, we demonstrated that the pressure-dependent physical mechanisms and associated
critical velocities of roton emission and vortex nucleation by the moving objects in zero-temperature
superfluid 4He can be analyzed within a single theoretical framework based on the generalized,
nonlocal Gross-Pitaevskii model.
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APPENDIX: NONLOCAL POTENTIAL

The choice of the nonlocal potential in the gnlGPE (5), and more particularly its Fourier
transform V̂ (k), directly determines the dispersion relation through Eq. (5). In previous approaches,
the shape of the nonlocal potential was chosen by adjusting parameters of a fit such that the gnlGPE
is close to reported experimental values for superfluid helium [41,42,74]. In this work, we directly
use recent experimental data furnished in Ref. [15]. We proceed as follows.

We first note that by inverting Eq. (5), the nonlocal potential reads

V̂ (k) =
(

ω(k)2

c2k2
− ξ 2k2

2

)
[1 + χ (1 + γ )] − (1 + γ )χ. (A1)
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In order to use the experimental data, we express the experimental values of the dispersion relation
ωexp(k) in dimensionless units using the speed of sound and the vortex core size at each pressure.
Then, ωexp(k) is interpolated using a cubic BSpline in a much finer grid of 5000 points between
k = 0 and kexp

max, the largest available experimental wave vector. With this procedure, we could
directly input the nonlocal potential in our gnlGPE code and reproduce, by construction, the
experimental dispersion relations displayed in Fig. 4. However, in order to correctly resolve vortices,
we need values of the nonlocal potential for very large wave vectors (kξ � 1), which are not
available experimentally. In order to properly allow for a k2-free-particle smooth dispersion relation
at high k, we extend V̂ exp(k) from ξkexp

max up to kmaxξ = 7 for P = 0 bar and ξkmax = 4 for P > 0.
We impose a smooth quadratic prolongation of V̂ (k) from kexp

max to kmax, where it vanishes. We then
use the generated V̂ exp(k) in the whole range of our simulations, leading to the data displayed in
Fig. 4.
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