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Quantum vortex driven Kelvin waves in the thermal background of superfluid helium
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We present numerical evidence that Kelvin waves (KWs) on quantized vortices in superfluid helium can be
directly observed in the normal fluid component at finite temperatures. Using the fully coupled local model of
superfluid turbulence (FOUCAULT) model, we analyze the propagation and temperature dependence of KWs
by simultaneously measuring the dispersion of waves on the vortex displacement and the normal fluid velocity.
The results demonstrate that the normal fluid supports a coherent KW-like response, with a dispersion relation
matching that of the vortex filament (VF). Unlike the Schwarz model where there is almost no temperature
dependence, in FOUCAULT, KWs frequency and damping both depend on temperature, highlighting the role of
mutual friction in mediating the coupling between the two fluids. These findings open a pathway for experimental
observation of KWs in the normal phase using tracer based visualization.
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I. INTRODUCTION

When cooled below the lambda point (approximately at
Tλ = 2.17 K at saturated vapor pressure) 4He, undergoes a
phase transition to a superfluid state known as helium II
[1,2]. The dynamics of this phase is significantly determined
by quantum mechanical phenomena, leading to a number of
extraordinary properties. In fact, in pure superfluid state (in
the absolute zero temperature limit), helium II flows without
carrying any entropy and without any measurable viscos-
ity, allowing it to move through narrow channels or porous
materials with no resistance and no heat transfer. Further-
more, the vorticity of the superfluid flow is entirely confined
to topological defects of the superfluid order parameter, of
atomic core size (a0 ≈ 10−8 cm). These defects are effectively
one-dimensional objects [3,4] (for that usually referred to as
vortex lines) around which the circulation of the velocity field
is quantized in terms of the quantum of circulation κ = h/m4,
where h is Planck’s constant and m4 the mass of a helium
atom.

The dynamics of helium II can be described employing a
phenomenological framework introduced by Tisza and Lan-
dau [5,6]: the two-fluid model. The latter describes helium II
as an intimate mixture of two interpenetrating and inseparable
fluid components: a superfluid inviscid component, loosely
related to the phenomenon of Bose-Einstein condensation,
with density ρs and momentum density ρsvs; a normal fluid
viscous component, akin to a Navier-Stokes classical fluid,
with density ρn and momentum density ρnvn. The total den-
sity of helium II is ρ = ρs + ρn and its total momentum
density j = ρsvs + ρnvn. The relative density weight of each
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component ρs/ρn is temperature dependent, with the super-
fluid fraction increasing as temperature decreases and with
the normal fraction exhibiting the opposite behavior. These
two fluid components do not interact unless quantum vortices
are nucleated via, e.g., the rotation of helium II, a sufficiently
rapid temperature quench through the lambda transition, the
mechanical or thermal stirring of helium II. The presence of
vortices couples the two fluid components via the mutual fric-
tion force [7–10], proportional to the relative velocity between
vortices and the normal fluid, which may trigger an additional
energy dissipation on top of the viscous dissipation arising
from internal frictions in the normal fluid.

This mutual friction force plays a crucial role in determin-
ing the characteristics of the collective motion of discrete sets
of vortices, a dynamical state known as quantum turbulence
[11,12], and in dictating the dynamics of individual vortices.
Regarding the former, in the circumstance where the flow is
stirred mechanically, the coupling of the flow components at
scales larger than the average intervortex spacing determines
the emergence of a classical Kolmogorov energy spectra
E (k) ∼ k−5/3 [13], k being the wavenumber magnitude, for
both the superfluid and the normal fluid. On the opposite,
in flows generated thermically such as thermal counterflows
[14], mutual friction is responsible for the observation of
nonclassical normal fluid energy spectra [15] and nonclassical
statistical distributions of normal velocity components [16]. In
the context of single (or few) vortex dynamics, by governing
the energy exchange between vortices and normal fluid, the
mutual friction force determines the characteristics of vor-
tex reconnections [17,18] and the dynamics of excitations
on the vortex line themselves, namely helical perturbations
of the vortex line around its equilibrium position known as
Kelvin waves (KWs). Depending on the features of the normal
fluid flow, KWs may undergo growth or damping [19,20] by
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gaining or injecting energy in the normal fluid, respectively.
The interplay between KWs on vortex filaments and normal
fluid dynamics is precisely the topic of the present research.

Theoretically, KWs were discovered by Kelvin [21] inves-
tigating the helical perturbations of a vortex line in an inviscid
fluid whose dynamics is prescribed by the incompressible
Euler equation. In particular, KWs are circularly polarized
waves that propagate along the vortex line with a dispersion
relation given, in the long wavelength limit (ka0 � 1), by

ωk = −κk2

4π

[
ln

(
1

ka0

)
+ c

]
, (1)

where ωk is the angular frequency of the wave, k is the
wavenumber along the vortex line, and c is a constant of
order unity that depends weakly on the vortex geometry. For
instance, for a hollow vortex core c = ln 2 − γ , with γ =
0.5772 the Euler-Mascheroni constant [22].

In superfluid helium, KWs play a crucial role in the dy-
namics of quantum turbulence, particularly in the transfer
of energy across scales and the decay of turbulence at very
low temperatures [23–27], prompting several theoretical in-
vestigations [28–32]. From the experimental point of view,
studies on KWs have been performed in helium II in recent
years [33–35] thanks to the development of innovative vi-
sualization techniques, employing silicon nanoparticles [36]
or solid hydrogen/deuterium micron-sized particles [37–39]
which interact with both the normal fluid and quantum vor-
tices [40] and may get trapped onto the latter. In this last
circumstance, particles decorate vortices allowing the ob-
servation of their dynamics, including its three-dimensional
reconstruction [35], which could potentially lead to a detailed
characterization of KWs dynamics given the degree of control
and reproducibility recently achieved [34].

Recent insight about the interaction between KWs and
particles in superfluid helium at very low temperatures
has been provided by the numerical simulations using the
Gross-Pitaevskii equation [41,42]. This approach is, however,
limited to very low temperatures, where the normal fluid com-
ponent is almost absent, and to flow length scales which are
too small compared to typical experimental results.

In order to make direct comparison with ongoing ex-
periments [34], in the present work we employ a recently
developed numerical model named FOUCAULT (fully cou-
pled local model of superfluid turbulence) [43], which
accurately captures the coupled dynamics of the superfluid
vortices and the normal fluid across a wide range of work-
ing temperatures achievable experimentally where the normal
fraction is non-negligible (T > 1.5 K) and probing the flow
at length scales much larger than the vortex core at scales
experimentally accessible. Compared to past frameworks,
e.g., the HVBK model [7,8,44,45] and the the pioneering
model introduced by Schwarz [46], which provided a foun-
dational description of vortex-filament dynamics at finite
temperature, FOUCAULT takes into account the singular na-
ture of quantum vortices describing them as filaments of
infinitesimal length (neglected in the HVBK equations) and
self-consistently couples the motion of quantum vortices to
that of the normal fluid, each influencing the dynamics of the
other (mutual interaction absent in Schwarz’s equations of

motion). FOUCAULT has been successfully employed in
past studies to investigate various aspects of quantum tur-
bulence, including vortex reconnections, energy spectra, and
the interaction between vortices and normal fluid eddies
[16–18,20,47]. Remarkably, among all available numerical
models, FOUCAULT is able to predict the observed decay of
vortex rings with the best accuracy [48].

In this work, FOUCAULT will be used to study the dy-
namics of KWs in superfluid helium at finite temperatures,
where the role played by the interaction with the normal
component is of fundamental importance. We will focus on
the manifestation of KWs linear response in the normal fluid
component when the system is fully coupled and compare the
results with the case without back reaction using the Schwarz
model. We will show that at finite temperatures it is possible
to observe the propagation of KW-like perturbation on the
normal fluid (induced by a direct forcing of the quantum
vortex displacements) with a spatiotemporal signature that
is temperature dependent and coherent with the dispersion
directly measured on quantum vortices.

This paper is organized as follows: in Sec. II we briefly
summarize the framework used to simulate the dynamics of
superfluid helium at finite temperatures, both the Schwarz and
the FOUCAULT models, with a discussion of the properties
of KWs in quantum turbulence and their expected behavior at
finite temperatures. In Sec. III we describe details and param-
eters of the numerical methods employed to obtain our results
described in Sec. IV. Finally, in Sec. V we summarize our
findings and discuss their implications for future experimental
studies.

II. MODELING FINITE TEMPERATURE
SUPERFLUID HELIUM

A. FOUCAULT

To study numerically the dynamics of helium II at finite
temperatures, we employ the fully coupled model FOU-
CAULT [43]. Vortex lines are hence safely parametrized as
one-dimensional space curves s(ξ, t ), ξ and t being arclength
and time, respectively, and discretion with line elements of
typical size δ such that a0 � δ � 
. The Lagrangian equa-
tions of motion of the vortex lines are obtained by balancing
the mutual friction force with the Magnus force leading to the
following:

ṡ = vs(s) + ρn

ρ
[(vn(s) − vs(s)) · s′]s′ + β s′ × (vn(s) − vs(s))

+ β ′ s′ × [ s′ × (vn(s) − vs(s))] , (2)

where s′ = ∂s/∂ξ is the unit tangent vector to the filament,
vs(s) and vn(s) are the superfluid and normal fluid velocities
at the point s, and β, β ′ are temperature and Reynolds number
dependent mutual friction coefficients.

In this model the superfluid velocity vs is given by the Biot-
Savart law

vs(x, t ) = κ

4π

∮
L

s′(ξ, t ) × (x − s(ξ, t ))

|x − s(ξ, t )|3 dξ , (3)

L being the whole vortex line configuration. At the length
scales probed both the superfluid and the normal fluid flows
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are incompressible. As the smallest scales investigated are
much larger than λMFR, the normal fluid velocity field vn is
governed by the incompressible Navier-Stokes equations with
an additional mutual friction force term

∂vn

∂t
+ (vn · ∇ ) vn = −∇

(
p

ρn

)
+ νn ∇2vn

+ 1

ρn

∮
L

δ(x − s) fns(s) dξ, (4)

∇ · vn = 0, (5)

where νn is the kinematic viscosity of the normal fluid, p is the
pressure, and fns(s) is the mutual friction force per unit length
exerted by the vortex line on the normal fluid at the point s,
given by [49]

fns(s) = −ρnκ s′ × (ṡ − vn) − D s′ × [ s′ × (ṡ − vn)], (6)

where the viscous coefficient D is determined by a classical
low Reynolds number approach [50] and reads as follows:

D = 4πρnνn[
1
2 − γ − ln

( |vn⊥−ṡ|a0

4νn

)] , (7)

vn⊥ being the normal fluid velocity projection on a plane
orthogonal to s′. More detail on the model and numerical
implementation can be found in [43].

B. Schwarz model

Simulations performed within the FOUCAULT framework
will be compared to simulations realized with the pioneering
Schwarz model [46,51,52], where the back reaction of the
vortex motion on the normal fluid is neglected (the latter
being hence prescribed a priori, determined by the boundary
conditions of the flow) and the mutual friction coefficients
considered coincide with the friction parameters determined
by Hall and Vinen [7,8]. The consequent Lagrangian equa-
tions of motion for a vortex line reads as follows:

ṡ = vs(s) + α s′ × (vn(s) − vs(s))

− α′ s′ × [ s′ × (vn(s) − vs(s))], (8)

where α and α′ are the mutual friction coefficients. In the
simulations performed by Schwarz [46,51,52], the superfluid
velocity vs was approximated employing the local induction
approximation (LIA), where each vortex line element is only
advected by the local contribution, leading to a simpler ex-
pression for the superfluid velocity

vLIA
s = � s′ × s′′, (9)

where � = (κ/4π ) ln(
/a0), 
 is the intervortex distance,
and s′′ = ∂2s/∂ξ 2 is the local curvature vector. In our nu-
merical simulations performed with the Schwarz model we
will instead compute the whole (suitably desingularized [53])
Biot-Savart integral reported in Eq. (3). In our simulations
employing the Schwarz model, the normal fluid velocity is
imposed vn ≡ 0.

C. Kelvin waves at finite temperature

At finite temperatures, the presence of the normal fluid
component and the associated mutual friction modify the

dynamics of KWs. In the framework of the Schwarz model
described by Eq. (8), the mutual friction introduces a damping
term and a small temperature dependent frequency attenu-
ation that affects the propagation of KWs. If ωk denotes
the Kelvin wave dispersion relation at zero temperature
[Eq. (1) for a0k � 1], at finite temperature Eq. (8) predicts the
temperature-modified dispersion relation ωT

k that reads [54]

ωT
k = (1 − α′)ωk, (10)

and the amplitude S(t ) follows the exponential damping

S(t ) = S0e−σkt , (11)

where σk = αωk , S0 being the initial amplitude. Thus, the dis-
persion relation of KWs at finite temperatures is only scaled
by a factor (1 − α′) with respect to the zero-temperature limit.
However, since (1 − α′) ≈ 1, the temperature dependence of
the dispersion relation is expected to be weak in the Schwarz
model.

In the FOUCAULT framework, the dynamics is more com-
plex as a KW induces a localized perturbation in the normal
fluid. To understand the normal fluid velocity response to
KWs, we consider small perturbations of a straight vortex
s(ξ, t ) = (X (ξ, t ),Y (ξ, t ), ξ ), corresponding to a superposi-
tion of random small amplitude KWs that reads explicitly

s(ξ, t ) =
∑

qz

s0
qz

ei(qzξ−ωqz t ), (12)

where s(ξ, t ) = X (ξ, t ) + iY (ξ, t ).
We then look at the leading order contribution of the mu-

tual friction to the normal fluid component, which in complex
variables reads

LNSVn = − (∂x + i∂y)

(
p

ρn

)

−
∮
L

δ(x − s)(iκ − D)(ṡ + ∂ξ s wn − Vn)dξ, (13)

with Vn = un + ivn and where un, vn,wn are the normal fluid
velocity along x, y, z, respectively. The operator LNS is given
by the following expression: LNS = ∂t + vn · ∇ − νn∇2.

In the equilibrium state, the vortex line is straight and
aligned along the z axis, implying that in the linear response
limit wn is negligible with respect to un and vn.

Using the explicit form of the perturbation we obtain

LNSVn = − (∂x + i∂y)

(
p

ρn

)
+ I (Vn)

−
∑

qz

s0
qz

∮
L

δ(x − s)[(κ + iD)ωqz e
i(qzξ−ωqz t )]dξ,

(14)

where I (Vn) is an abbreviation for the linear integral in the
preceding formula.

We are interested to isolate the forcing term due to the KWs
perturbation, so we Fourier transform the equation in space,
obtaining for the forcing term the following expression

−
∑

qz

s0
qz

e−iωqz t (κ + iD)ωqz

∮
L

eiqzξ e−ik·s(ξ )dξ, (15)
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where the integrand can be expanded as e−ik·s(ξ ) = e−ikzξ e−ik⊥·s⊥ ≈ e−ikzξ [1 − ik⊥ · s⊥] such that at leading order (for small
perturbations) we have

̂LNSVn + (ikx − ky)

(
p̂k

ρn

)
− ̂I (Vn) ≈ −

∑
qz

s0
qz

(κ + iD)ωqz e
−iωqz t

∮
L

ei(qz−kz )ξ dξ

= −
∑

qz

s0
qz

(κ + iD)ωqz e
−iωqz t 2πδkz,qz = −s0

kz
(κ + iD)ωkz e

−iωkz t 2π. (16)

This result tells us that the normal fluid velocity is directly
forced by KWs and therefore should exhibit a spatiotemporal
signature similar to that of the KWs on the vortex line.

III. NUMERICAL TREATMENT

A. Simulation parameters

The numerical simulations are performed in a periodic
box of size Lx = Ly = 2π and Lz = 16π . The normal fluid
is discretized on a uniform Cartesian grid with nx = ny = 128
and nz = 1024 points using a pseudospectral method with a
second-order Runge-Kutta scheme for time integration. Quan-
tum vortices are discretized into a series of points along
its length, with a spatial resolution δ ≈ �z. The Biot-Savart
integral Eq. (3) is fully computed using a splitting regular-
ization on local and nonlocal contribution [53]. The vortex
line equations of motion [Eq. (2) or Eq. (8), depending on
the model employed] is evolved in time using a second-order
Runge-Kutta scheme with a timestep �tV F , which can be
smaller than the normal fluid timestep �tNS = 0.04 to ensure
numerical stability.

We have considered three different finite temperature val-
ues, T = 1.7 K, T = 1.95 K, and T = 2.1 K, corresponding
to different values of the mutual friction coefficients (β and β ′
in the FOUCAULT model, α and α′ in the Schwarz model),
as well as different normal fluid densities ρn and viscosity νn.
The relevant physical parameters used in the simulations are
summarized in Table I. We have also performed simulations at
T = 0, where only the equations of motion of vortex filament
are integrated [in the zero-temperature limit, both models
reduce to the same equation ṡ = vs(s)].

The equations used are in dimensionless units, which are
related to physical units by fixing the dimensional length scale
λ such that the dimensional timescale τ = λ2ν0/νn, where
ν0 = 0.005 is the set numerical viscosity and λ = 1.59 ×
10−2 cm, corresponding to an experimental length scale in the
x direction of 0.1 cm. These values lead to the following range
of timescale τ : 2.99 × 10−1 s at T = 2.1 K to 1.29 × 10−1 s

TABLE I. Numerical value of the physical parameters used in the
simulations at different temperatures. Values taken from [55].

T(K) � = κ/νn ρns = ρn/ρs α α′

0 – 0 0 0
1.7 2.565 0.2958 0.126 0.012
1.95 5.005 0.9298 0.237 0.011
2.1 5.9736 2.8467 0.479 −0.024

at T = 1.7 K (the case T = 0 K is chosen to have the same
timescale of T = 1.7 K). In the following, all the quantities
will be expressed in these dimensionless units, rescaling the
time at different temperatures to be consistent with τ (T =
1.7 K), so for a temperature T ∗ the dimensionless time is
rescaled as τ (T = 1.7 K)/τ (T ∗).

To properly resolve the dispersion relation of KWs for
small wavenumber, the computational domain must be suf-
ficiently elongated along the vortex line direction (z axis).
This is necessary to achieve a high spectral resolution in the
wavenumber space, allowing for accurate measurements of
the KW dispersion relation at low kz values. Tacking Lz 
 1
implies that the lowest frequency ωmin << 1, which results in
very large period Tmax 
 1. However, the simulation duration
is constrained by viscous damping. Consequently, low k mea-
surements are less reliable and cannot be improved within the
limitations of the present code and computational resources.

B. Initial conditions

The VF initial condition consists of four vortex lines
aligned along the z axis oriented with opposite circulation
with respect to its nearest neighbors to ensure zero net circula-
tion in the box to preserve periodic boundary conditions. They
are located in their equilibrium position and each is perturbed
by an independent superposition of KWs with random phases

si(z, t )|t=0 = A0

N∑
n=1

1√
kn

z

[
ei(kn

z z+φ+
n,i ) + ei(−kn

z z+φ−
n,i )

]
,

where kn
z = n 2π/Lz, φ±

n,i independent random phases, each
uniformly distributed in [0, 2π ], N = nz/3 is the number of
modes considered, and A0 = 0.001 is the small initial ampli-
tude (the same for all lines) to remain in the linear regime.
In the Schwarz simulations the normal fluid is imposed to
zero, while in the FOUCAULT simulations, the normal fluid
is initially at rest and, fixing the position of the vortices for
a transient, it is left to evolve with the coupling to relax on
the stable configuration leading to the dipole structure shown
in Fig. 1 for a larger amplitude A0 to make the perturbation
visible. With this initial condition, the simulations are run
for a sufficient time in order to allow KW propagation and
interaction with the normal fluid.

C. Measurement of the dispersion relation

To quantitatively assess the KW dynamics, we compute the
spatiotemporal spectrum of the vortex line displacements and
of the normal fluid velocity field.
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FIG. 1. Visualization of the vortex lines configuration (in green)
and the normal fluid z vorticity ωz (in blue/red) at T = 1.95 K at a
given time. The vortex lines are perturbed by an ensemble of KWs
with independent random phases, leading to a dipolar structure in
the normal fluid vorticity around the vortex core. In this simulation
the domain is a cube of size λ, and the amplitude of the waves is
exaggerated to make the disturbance visible, routhly 50A0 = 0.05λ.

The vortex line position is reconstructed as a complex field

S(z, t ) = X (z, t ) + i Y (z, t ), (17)

where X and Y are the transverse displacements of the vortex
from its unperturbed position along the z axis. The corre-
sponding Fourier transform in both space and time,

Ŝ(kz, ω) =
∫ ∫

S(z, t ) e−i(kzz−ωt ) dz dt, (18)

yields the spatiotemporal spectrum |Ŝ(kz, ω)|2, which di-
rectly reveals the dispersion relation ω(kz ) of propagating
excitations. To reduce statistical noise and directly extract
the dispersion relation, after averaging over the four differ-
ent lines, we measure ω at each wavenumber kz using the
weighted average

ω̃(kz ) =
∫

ω |Ŝ(kz, ω)|2 dω∫ |Ŝ(kz, ω)|2 dω
. (19)

This method is particularly robust in the presence of weak
damping and finite sampling time. In the following, we will
refer to ω̃Sc and ω̃F as the measured dispersion relation of
KWs on the Schwarz model and the FOUCAULT model,
respectively.

The same procedure is applied to the normal fluid velocity
vx, allowing direct comparison between the KW dispersion
on the filament and the response in the normal fluid. For
that we compute the spatiotemporal spectrum of the normal
fluid velocity component vx, restrict to the wavenumbers k =
(0, 0, kz ) aligned with the vortex line, as

V̂x(kz, ω) =
∫ ∫

vx(x, t ) e−i(kzz−ωt ) dx dt, (20)

to have the spatiotemporal spectrum |V̂x(kz, ω)|2. The choice
made here to focus on the vx component and not on the

FIG. 2. Blue heatmaps: dispersion relation of KWs on vortex
lines simulated with the Schwarz model using the full Biot-Savart
integral for T = 0, 1.7, 1.95, 2.1 K using Eq. (18). The dispersion
relation at temperature T = 0 K calculated via Eq. (19) is indicated
(blue dashed line −−) and superimposed on all cases.

complex transverse velocity V̂n = ûn + iv̂n does not change
the results since we are in the linear regime and the two
components are expected to have the same spatiotemporal
signature.

IV. RESULTS AND DISCUSSION

A. Kelvin waves in Schwarz model

In order to reduce complexity and analyze separately the
impact on the dispersion relation of the mutual friction on its
own and of the mutual friction combined with the feedback
of normal fluid fluctuations on the vortex itself, we first per-
formed a simulation employing the Schwarz model, Eq. (8),
at T = 0, 1.7, 1.95, 2.1 K.

The blue heatmap plots in Fig. 2 show the measured disper-
sion relation of KWs |Ŝ(kz, ω)|2 obtained employing Eq. (18)
at the different temperatures. Superimposed on the heatmaps
we report in blue-dashed curves the T = 0 dispersion relation
ω̃Sc

T =0 determined using Eq. (19).
The results confirm the expected quadratic scaling of

Eq. (1) at low kz, with a gradual increase of the thickness of
the dispersion as temperature increases, corresponding to the
enhanced mutual friction damping at increasing temperature
described in the analytical results for small perturbations re-
ported in Eq. (11). Importantly, Fig. 2 clearly shows that the
dispersion relation in the Schwarz model is almost tempera-
ture independent, consistently again with analytics, Eq. (10).
The consistency between the measured and theoretical dis-
persion validates both the numerical implementation and the
measurement method based on Eq. (19).
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FIG. 3. Dispersion relation for temperatures T = 1.7 K (a),( d); T = 1.95 K (b), (e); and T = 2.1 K (c), (f) determined on the basis of
FOUCAULT numerical simulations for: KWs on quantum vortices, |Ŝ(kz, ω)|2 [(a), (b), (c) orange colored heatmaps]; KWs in the normal fluid
|V̂x (kz, ω)|2 [(d), (e), (f) green colored heatmaps]. We also show the dispersion relation of KWs on vortices computed with the Schwarz model
at T = 0 ω̃Sc

T =0(kz ) (blue dashed line −−, as in 2). and the dispersion relation ω̃F
T (kz ) computed with Foucault at corresponding temperatures

(red dashed line −−).

B. Kelvin waves in FOUCAULT model

We now turn to study the simulations of the fully coupled
FOUCAULT model, which explicitly includes the back reac-
tion of the vortex motion on the normal fluid and, conversely,
the impact of normal fluid fluctuations on the dynamics of
vortices. Figure 3 displays the spatiotemporal spectra of the
vortex displacement |Ŝ(kz, ω)|2 [Figs. 3(a)–3(c) in orange col-
ored heatmaps] and of the normal fluid velocity |V̂x(kz, ω)|2
[Figs. 3(d)–3(f) in green colored heatmaps] for the three
temperatures investigated. On top of the heatmaps we super-
impose ω̃Sc

T =0 and ω̃F
T , the spatiotemporal weighted dispersion

relation of KWs on vortices calculated from FOUCAULT
simulations at T �= 0. From Figs. 3(a)–3(c) it clearly emerges
the novel feature that ω̃F

T is strongly temperature depen-
dent, in contrast to the results obtained with the Schwarz
model.

In addition, as expected from our analytical approach
reported in Sec. II C, at all temperatures a clear KW
branch emerges also in the normal fluid signal |V̂x(kz, ω)|2
[Figs. 3(d)–3(f), in green colored heatmaps]: the frequencies
measured in the normal phase do coincide with the frequen-
cies ω̃F

T (kz ) of KWs on vortices (the red dashed lines) within
numerical uncertainty, demonstrating that the normal fluid
responds coherently to the oscillatory motion of the quantized
vortices. A cross coherence analysis, not shown here, confirms
this interpretation with a high correlation on the dispersion
relation ridge showing a phase alignment between the vor-
tex displacement and the normal-fluid response. At higher
temperatures, the KW frequency in both fluids decreases
and the spectral peak broadens, indicating stronger damping
due to the viscous and frictional coupling between the two
components.

The comparison between the results obtained with the
Schwarz model and FOUCAULT are summarized in Fig. 4
which clearly illustrates that all results obtained from the
Schwarz model collapse onto a single curve [as predicted an-
alytically, Eq. (10), as α′ ≈ 0], while, in contrast, the normal
fluid measurements obtained from the FOUCAULT simu-
lations exhibit a systematic temperature dependence: as T
increases, the KW branch in the normal fluid shifts to lower
frequencies and becomes increasingly damped. This behav-
ior directly reflects the enhanced energy exchange through

FIG. 4. Dispersion relation of KWs on vortices ω̃Sc
T (kz ) computed

on the basis of the Schwarz model at the three working temperatures
(dashed lines). Dispersion relation of KWs in the normal fluid ω̃F

T (kz )
computed on the basis of the FOUCAULT model at the three working
temperatures (solid lines with markers). Blue, yellow, and red curves
correspond to T = 1.7, 1.95, 2.1 K, respectively.
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mutual friction, which transfers part of the KW energy of
vortices to the normal phase, then dissipated by viscosity.

These findings establish that KW are not confined to the
inviscid superfluid component but can be observed as coherent
oscillations in the normal fluid surrounding the vortex cores,
making the dipolar structure of it to oscillate at the same fre-
quency. This observation opens perspectives for experimental
detection of KW dynamics using normal fluid diagnostics,
such as particle tracking velocimetry or tracer imaging, with-
out requiring direct access to the superfluid core.

C. Damping of Kelvin waves

The damping of KWs is characterized by an exponential
decay of wave amplitude over time with a rate σk = αωk given
by Eq. (11) [54], stemming from the Schwarz framework
in the linear approximation. This relation indicates that the
damping rate is proportional to the wave frequency, with the
proportionality constant set by the strength of mutual friction.
In the fully coupled FOUCAULT model, the damping of KWs
arises from a combination of mutual friction and viscous
dissipation phenomena. The effective damping rate σk may
thus deviate from the simple Schwarz prediction, due to the
complex interplay between these two mechanisms.

In our analysis, we directly measure σ̃k by tracking the
temporal relaxation of the wave action, defined as n(kz, t ) =<

|Ŝ(kz, t )|2 >, (where the average is performed over the four
filaments), and extracting the damping rate αk for each ac-
cessible wavenumber kz assuming the following exponential
decay

n(kz, t ) ∼ e−2σ̃kt . (21)

Using the measured ω̃(kz ), we define the dimensionless ratio
αk ≡ σ̃k/ω̃(kz ) that quantifies the effective damping relative
to the wavenumber kz and encapsulates the relative strength
of dissipation to wave propagation. The calculation of αk only
depends on the vortex displacements. In order to compare
the effective damping for the different models employed,
we set the temperature to T = 1.7 K, and we calculate αk

from numerical simulations performed with FOUCAULT and
the Schwarz model. We also compute αk by evolving quan-
tum vortices in the Schwarz model using the LIA, Eq. (9),
approximation instead of the full Biot-Savart integral, Eq.
(3), for the evaluation of the superfluid velocity on vortices.
The resulting behaviors of αk are shown in Fig. 5 together
with the constant theoretical prediction αk = α = 0.126. As
expected, LIA gives the correct value showing that the mea-
surement procedure is consistent for large enough kz (the
theoretical prediction σk = αωk is indeed obtained with LIA).
The Schwarz model shows a constant value of αk in the
uncertainty, with a deviation from the theoretical value. This
difference can be attributed to the finite amplitude of the initial
perturbation, which introduces nonlinear effects not captured
in the linear theory. The main result emerging from Fig. 5 is
that the FOUCAULT model shows a trend deviating from the
constant value returned by the Schwarz model, with αk de-
creasing at increasing kz. This behavior suggests that the back
reaction of the normal fluid on the vortex dynamics introduces
a scale-dependent modification to the KW damping, likely due

FIG. 5. Measurement of the dimensionless damping rate αk at
T = 1.7 K for the FOUCAULT model (blue circles ©), Schwarz
model (cyan diamond ♦), and LIA model (magenta star ∗). The
dashed black line represents the theoretical value α = 0.126.

to the complex interplay between mutual friction and viscous
dissipation in the normal phase.

The temperature dependence of the damping rate is sum-
marized in Fig. 6. For each temperature, in Figs. 6(a)–6(c)
we report the measure of σ̃k and ω̃k , while in Fig. 6(d) we
report the dimensionless damping rate αk for varying tem-
perature. Our results show that as temperature increases the
damping rate of KWs is enhanced due to stronger mutual
friction, which increases the energy transfer from the super-
fluid vortices to the normal fluid (then dissipated into heat),
resulting in more rapid KWs attenuation. We also observe that

FIG. 6. (a)–(c): Measured damping rate σ̃k (in red) and dis-
persion relation ω̃k (in red) as a function of wavenumber kz, in
the FOUCAULT model for temperatures T = 1.7, 1.95, 2.1 K[(a),
(b), (c), respectively]. (d): Dimensionless damping rate αk for T =
1.7, 1.95, 2.1 K corresponding to curves in blue, yellow, and red,
respectively.
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the scale-dependent deviation from the constant value is also
increasing with temperature.

V. CONCLUSIONS

In the present work, we have investigated the propagation
of KW on quantized vortices and their impact on the dy-
namics of the normal component of helium II. We have also
observed how normal fluid fluctuations induced by vortices in
the normal fluid have an impact on vortices themselves thanks
to the recently developed, two-way fully coupled algorithm
FOUCAULT [43], and compared our results with the one-way
coupling model elaborated by Schwarz [46]. Our study shows
three main results. First, the dispersion relation computed in
the FOUCAULT model is strongly temperature dependent,
in contrast to the dispersion relation calculated employing
the Schwarz model. Second, the dimensionless damping αk

expressing the ratio of mutual friction dissipation to wave
propagation results to be scale dependent when using the
two-way coupling, while it shows to be constant with the
Schwarz model. These two first results show that the self-
consistent modeling included in FOUCAULT reveals features
regarding wave propagation on quantum vortices which were
not predicted by previous models.

In addition, and more importantly, our third result consists
in reporting numerical and theoretical evidence that KW on
quantized vortices in superfluid helium can induce a coher-
ent response in the normal fluid through oscillations of the
local vorticity field. The measured dispersion relation of these

normal fluid waves matches that of the KWs on vortices,
confirming a strong dynamical coupling between the two
components. The frequency and damping of these waves ex-
hibit a clear temperature dependence governed by the mutual
friction parameters.

Our findings are relevant for future experiments employing
high-resolution tracer visualization techniques [34]. From our
simulations we estimate that KWs with an initial amplitude
A0 ∼ 0.1 µm induce a root-mean-square velocity in the nor-
mal fluid of order 10−1 µm/s. Although this value depends
on parameters such as temperature, vortex density, and wave
amplitude, larger KW amplitudes may occur in experiments,
which could enhance the resulting normal-fluid signal and
make it accessible to high-resolution tracer visualization tech-
niques. This opens possibilities for probing KW dynamics
experimentally through the correlated motion of the surround-
ing normal fluid.
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