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When a Bose-Einstein condensate (BEC) is driven out of equilibrium, density waves interact nonlinearly
and trigger turbulent cascades. In a turbulent BEC, energy is transferred toward small scales by a direct
cascade, whereas the number of particles displays an inverse cascade toward large scales. In this work, we
study analytically and numerically the direct and inverse cascades in wave-turbulent BECs. We analytically
derive the Kolmogorov-Zakharov spectra, including the log correction to the direct cascade scaling and the
universal prefactor constants for both cascades. We test and corroborate our predictions using high-
resolution numerical simulations of the forced-dissipated Gross-Pitaevskii model in a periodic box and the
corresponding wave-kinetic equation. Theoretical predictions and data are in excellent agreement, without
adjustable parameters. Moreover, in order to connect with experiments, we test and validate our theoretical
predictions using the Gross-Pitaevskii model with a confining cubic trap. Our results explain previous
experimental observations and suggest new settings for future studies.
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Inmany nonlinear systems, a nontrivial out-of-equilibrium
state emerges when dissipation and injection of some
invariant (typically energy) occur at very different scales.
Such states are often characterized by a constant flux across
scales of the invariant in a cascade process. In general terms,
the process where an invariant is transferred from large to
small scales is called a direct cascade, whereas the opposite is
an inverse cascade. Such cascades play a central role in
hydrodynamic and wave turbulence. In the former case, they
are poweredbyhydrodynamic vortex interactions,whereas in
the latter case they are powered by interactions of random
waves. There are numerous important physical examples
of wave turbulence (WT) in nature: among many others,
turbulence of inertial and internal waves in rotating
stratified fluids [1,2], gravitational waves [3], Kelvin waves
in superfluids vortices [4], and Bose-Einstein condensates
(BECs) [5]. Unlike hydrodynamic turbulence—where most
predictions remain phenomenological—when waves are
“weak,” WT theory furnishes analytical predictions for the
wave excitation spectrum which can be found as exact
solutions of an associated wave kinetic equation (WKE). It
expresses the spectrum in terms of the flux and wave
numbers, predicts the direction of the cascades, and provides
the values of the universal proportionality constants [6].
Remarkably, recent experiments with BECs have suc-

ceeded in achieving controlled WT processes in the direct
energy cascade setting [7,8]. Intriguingly, those experiments
measured a notably steeper (in wave number) spectrum than
the one predicted by the theory [5]. In addition to being a

fundamentally important state of matter, BECs have great
potential as a platform for experiments in turbulence, both
vortex and wave kinds. This richness is due to the close
analogy between the BEC motion and the classical fluid
flow. Because of the versatility of current optical techniques,
BEC experiments allow a great deal of flexibility often
unavailable in classical fluid experiments. Moreover, the
Gross-Pitaevskii equation (GPE), which describes BEC
dynamics, is a universal nonlinear model whose importance
spans diverse physical systems, particularly in optics,
plasmas, and water wave theory [5].
In this Letter, we study the direct and inverse cascades of

turbulent BECs. We use the GPE description of a BEC and
its associated WKE. We obtain new analytical predictions,
which explain the steeper spectrum observed in Ref. [7],
and provide the values of the dimensionless universal
constants in the direct energy and inverse particle cascades.
Our predictions are then tested by high-resolution direct
numerical simulations of the GPE and its associated four-
wave WKE.
The dimensionless GPE equation for the complex wave

function ψðx; tÞ is

∂ψðx; tÞ
∂t

¼ i½∇2 − jψðx; tÞj2 þ UðxÞ�ψðx; tÞ; ð1Þ

where UðxÞ is an external trapping potential. Equation (1)
is obtained from the standard dimensional GPE by a proper
rescaling of time and space; see Supplemental Material
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(SM) [9]. For simplicity, in the first part of this Letter, we
study a homogeneous (U ¼ 0) three-dimensional BEC. We
consider the GPE in a triply periodic cube of side L and
volume V ¼ L3. GPE (1) conserves the total number of
particles and energy per unit of volume,

N ¼ 1

V

Z
V
jψðx; tÞj2dx; ð2Þ

H ¼ 1

V

Z
V
½j∇ψðx; tÞj2 þ 1

2
jψðx; tÞj4�dx; ð3Þ

respectively.
When the condensate is negligible, the WT theory for the

GPE formulates an asymptotic closure for the wave action
spectrum nkðtÞ≡ nðk; tÞ ¼ ½V=ð2πÞ3�hjψ̂kðtÞj2i, where
ψ̂kðtÞ is the Fourier transform of ψðx; tÞ, and the brackets
denote averaging over the initial wave statistics. The WT
closure is derived under assumptions of small nonlinearity
and random initial phases and amplitudes of waves [6,10].
It furnishes a wave-kinetic equation with four-wave inter-
actions [5,11]. For an isotropic spectrum, which depends
only on the magnitude of the wave vector k ¼ jkj, it is
given by [12,13]

∂nk
∂t

¼StkðtÞ≡32π3

k

Z
ki>0

minðk;k1;k2;k3Þk1k2k3

×nknk1nk2nk3

�
1

nk
þ 1

nk1
−

1

nk2
−

1

nk3

�
δðω01

23Þdk1dk2dk3;

ð4Þ

where ω01
23 ≡ ωk þ ωk1 − ωk2 − ωk3 , with ωk ¼ ωðkÞ being

the frequency given by the dispersion relation ωk ¼ k2.
The WKE conserves the densities of the number of

particles and the energy,

N¼ 4π

Z
∞

0

k2nkdk; E¼ 4π

Z
∞

0

k4nkdk; ð5Þ

which coincide with Eq. (2) and with the first term of the
integrand in Eq. (3) (the second term is small), respectively.
It is well known that the four-wave WKE may have two

Kolmogorov-Zakharov- (KZ) type nonequilibrium station-
ary solutions. KZ solutions are expected in forced-dissipated
wave systems in which WT is forced and dissipated at small
and large wave vectors, respectively, for a direct cascade,
and vice versa for an inverse cascade.
To find stationary solutions, we assume a power-law

spectrum in the form nk ¼ Ak−2x. The right-hand side (rhs)
of Eq. (4) becomes Stk ¼ 4π3A3k4−6xIðxÞ, where

IðxÞ ¼
Z

½minð1; q1; q2; q3Þ�1=2ð1þ qx1 − qx2 − qx3Þ

×ðq1q2q3Þ−xδðq0123Þdq1dq2dq3; qi > 0; ð6Þ

is the dimensionless collision term depending only on x,
and δðq0123Þ ¼ δð1þ q1 − q2 − q3Þ. Zakharov’s transforma-
tion (ZT) allows finding stationary solutions [zeros of IðxÞ]
by mapping the integration subdomains into a single
triangle [6] as follows:

q2¼
1

eq2 ; q1¼
eq3
eq2 ; q3 ¼

eq1
eq2 ; for q2 > 1; 0<q3 < 1;

q3¼
1

eq3 ; q1¼
eq2
eq3 ; q2 ¼

eq1
eq3 ; for 0<q2< 1; q3 > 1;

q1¼
1

eq1 ; q2¼
eq3
eq1 ; q3 ¼

eq2
eq1 ; for q2;q3> 1: ð7Þ

After dropping tildes, IðxÞ becomes

IZTðxÞ¼
Z

q1=2−x1 ðq2q3Þ−xð1þqx1−qx2−qx3Þ

×ð1þqy1−qy2−qy3Þδðq0123Þdq1dq2dq3; 0<qi <1;

ð8Þ
where y ¼ 3x − 7=2. IZTðxÞ ¼ 0 has two apparent solu-
tions, x ¼ 7=6 and x ¼ 3=2, corresponding to the non-
equilibrium stationary inverse cascade nk ∼ k−7=3 and direct
cascade nk ∼ k−3, respectively. One should always substi-
tute these candidate x values into IðxÞ to ensure that the
resulting integral is convergent and equal to zero, since ZT is
not an identity transformation. Such an integral conver-
gence, called the interaction locality, physically means that
wave quartets with similar values of wave numbers domi-
nate the nonlinear evolution. Mathematically, violation of
locality simply means that the considered spectrum is not a
valid stationary solution of the WKE. Note that under the
locality assumption IZTðxÞ ¼ IðxÞ.
Consider first the inverse cascade of particles. According

to Eqs. (4) and (5), the spectral flux of particles through the
sphere of radius jkj on the spectrum nk ¼ Ak−2x is

QðkÞ≡ −4π
Z

k

0

κ2Stκdκ ¼ 8π4A3k7−6x
IZTðxÞ

3x − 7=2
: ð9Þ

When x → 7=6, one can use the l’Hôpital rule to derive a
constant (k-independent) particle flux thanks to the locality
of Ið7=6Þ (see SM [9]): Q0 ¼ 8π4A3I0ZTð7=6Þ=3, where
I0ZTðxÞ ¼ dIZTðxÞ=dx. Thus, A ¼ CijQ0j1=3, where Ci > 0

is a dimensionless universal constant [recall that Q0 < 0,
but I0ZTð7=6Þ < 0 in SM [9] ]. We calculate Ci analytically
in SM, and write the resulting KZ spectrum for the inverse
cascade as

nk¼CijQ0j1=3k−7=3; Ci≈7.5774045×10−2: ð10Þ

Now, let us consider the direct cascade. The energy flux
per unit of volume is defined as PðkÞ≡ 4π

R
k
0 κ

4StκðxÞdκ.
It appears that this integral is logarithmically divergent for
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x ¼ 3=2, i.e. marginally nonlocal. Interestingly, we found
Ið3=2Þ is finite but nonzero, which means that nk ∼ k−3 for a
constant direct energy flux obtained by dimensional analy-
sis is not a valid mathematical solution of the WKE and is
not physically realizable. Based on a phenomenological
argument analogous to Kraichnan’s well-known argument
for the log correction of the direct enstrophy cascade
spectrum in the classical 2D turbulence [14], Refs. [5,6]
proposed a “log correction” for k−3. Note that the universal
prefactor constant cannot be determined using such an
argument due to its nonrigorous nature. To address the log
correction systematically, we introduce an IR cutoff at the
forcing wave number kf in the energy flux integral, then
nk ¼ Ak−3 leads to PðkÞ ¼ −16π4A3Ið3

2
Þ ln ðk=kfÞ for

k > kf, which is not k independent as assumed by the
KZ spectrum. Instead, we seek for a solution of the form
nk ¼ Bk−2xlnzðk2=k2fÞ, then PðkÞ can be simplified for
k ≫ kf as

PðkÞ ¼ −16π4B3IðxÞln3z
�
k2

k2f

�Z
k

kf

κ8−6xdκ: ð11Þ

Constant energy flux requires x ¼ 3=2 and z ¼ −1=3,
giving P0 ¼ −16π4B3Ið3=2Þ. Finally, we obtain the log-
corrected KZ spectrum for the direct cascade and the
universal prefactor as

nk ¼CdP
1=3
0 k−3ln−1=3ðk=kfÞ; Cd≈5.26×10−2: ð12Þ

All the details for the derivation of KZ spectra can be found
in the SM [9].
Note that previous GPE numerical simulations in the

direct cascade setting [15,16] reported a reasonable agree-
ment with the −3 power-law scaling of Eq. (12), but the
numerical resolution was rather limited and no log correc-
tion was observed or discussed. In numerical simulations of
Ref. [7], a steeper scaling with exponent close to −3.5 was
reported, which was similar to the experimental result
discussed in the same Letter. The scale separation there was
also relatively modest, and no explanation was given for the
steeper spectrum. As for the inverse cascade, to date there
have been no numerical simulations or experiments done.
We perform numerical simulations of the forced-

dissipated GPE using the standard massively parallel
pseudo-spectral code FROST [17] with a fourth-order
exponential Runge-Kutta temporal scheme (see Ref. [13]).
We use grids of N3

p collocation points, with Np ¼ 512 and
Np ¼ 1024 to verify the numerical convergence. We add a
forcing term FkðtÞ and a dissipation term −Dkψ̂kðtÞ to the
Fourier transform of the rhs of GPE (1). The forcing term is
supported on a narrow band around the forcing wave
number kf and it obeys the Ornstein-Ulenbeck process
dFkðtÞ ¼ −γψ̂kdtþ f0dWk, where Wk is the Wiener
process. The parameters γ and f0 control the correlation

time and the amplitude of the forcing, respectively.
Naturally, kf is taken small for the direct cascade and
large for the inverse one. Dissipation is of the form
Dk ¼ ðk=kLÞ−α þ ðk=kRÞβ, and acts at small and large
scales. Moreover, the condensate (k ¼ 0 mode) is dissi-
pated in the same manner with a constant friction D0. We
optimize the parameters of forcing and dissipation in order
to enlarge the inertial range for a fixed resolution, while
maintaining simulations well resolved and minimizing
bottlenecks at the dissipation scales. We pay special
attention that forcing is weak enough so that the system
fulfills WT assumptions (see SM for verification [9]).
Table I gives numerical parameters. Finally, the k-space
energy and particle fluxes, PðkÞ and QðkÞ, respectively,
are computed directly using the GPE (1) (see SM and
Ref. [18]).
We also simulate the WKE with forcing and dissipation

using the code developed in Refs. [13,19]. This code solves
the WKE expressed in wave frequency ω, and uses a
decomposition of the integration domain of the rhs of
Eq. (4) along lines where the integrand has discontinuous
derivatives. The WKE is solved in the interval
ω ∈ ½ωmin;ωmax�, and we set nω ¼ nωmin

for ω < ωmin

and nω ¼ 0 for ω > ωmax. The WKE is forced by a
constant-in-time forcing fω ¼ cfGðωÞ, where GðωÞ is a
Gaussian centered at ωf and of width Δωf. Dissipation is
introduced by adding the term −½ðω=ωLÞ−α þ ðω=ωRÞβ�nω
to the rhs of WKE. For time integration, we use a new
approach inspired by Chebyshev interpolation and schemes
described in Ref. [20]. Values of the parameters are
reported in Table I. In this Letter, we present solutions
of the WKE in k variables to simplify comparisons with
GPE data. Standard WKE-based k-dependent fluxes are
given in the SM [9].

TABLE I. Parameters for GPE and WKE simulations.

Case Model Cascade L Np f20 γ

1

GPE
direct

2π 512 1.2
20

2 4π 1024 0.1589
3

inverse
2π 512 10−4

0
4 4π 1024 1.26 × 10−5

Case kf D0 kL α kR β

1, 2 8
103

2.5 2 145 4
3, 4 125 1 0.5 130 6

Case Model Cascade ωmin ωmax ωf cf

5
WKE

direct 10−5 10 3 × 10−4 1
6 inverse 0.1 105 1252 50

Case Δωf ωL α ωR β kf

5 3 × 10−4 10−4 3 2 4
ffiffiffiffiffiffiffiffiffiffi
10−3

p
6 500 10 4 105=4.5 7 125
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First, we present numerical results for the direct cascade
state. Figure 1 displays the stationary wave action spectra
obtained in simulations of the GPE and the WKE, respec-
tively, both compensated by the theoretical prediction
Eq. (12). The inset shows their respective scale-dependent
energy fluxes, normalized by P0 measured in the range
where PðkÞ is approximately constant. The same values of
P0 are used in Eq. (12). The values of kf, as presented in
Table I, are selected within the range of forcing. For
comparison, we also plot the compensated KZ spectra
∼nkk3 (ignoring the nonlocality issue) and ∼nkk3.5 for the
GPE data with Np ¼ 1024. We see an excellent agreement
between Eq. (12) and GPE and WKE data including the
value of the constant Cd. The vertical dotted line denotes
the wave vector kξ where the nonlinear term in the GPE
becomes equal to the linear one. WT prediction is expected
to be valid at k > kξ only. Further, the asymptotic result
Eq. (12) is assumed for k ≫ kf. Interestingly, the theoreti-
cal log-corrected KZ spectrum provides a very good fit to
the numerical results even at the scales k≲ kξ ∼ kf. Note
that GPE data with Np ¼ 1024 present a relatively good
agreement with k−3.5 too, although in a much narrower
range and only at low k, which is consistent with the results
reported in Ref. [7].
Next, we study the inverse cascade state. Figure 2 shows

the wave action spectra and the particle fluxes QðkÞ (in
inset normalized by jQ0j) obtained in GPE and WKE
simulations. Spectra are compensated by the theoretical
prediction Eq. (10) including the value of the prefactor Ci.
Again, for GPE data we mark kξ by a vertical dotted line.
For both GPE and WKE we see a significant range (within
the constant-Q region) where the compensated spectra have
plateaus, which confirms the predicted spectrum Eq. (10).
The agreement between theory and numerics is almost
perfect for WKE data and within 5% for GPE. Note that in
both simulations we see a “bump” on the left-hand part of

the spectrum, which could be attributed to an infrared
bottleneck caused by the nature of the hypoviscous
dissipation.
Finally, to check the reliability of our predictions in a

setting closer to experiments, we study the direct and
inverse cascades for BEC trapped in a cubic box. To this
end, while solving Eq. (1) we consider a trapping potential
UðxÞ that vanishes inside the box and increases rapidly at
the borders of the cube (see SM for an exact definition [9]).
Figure 3(a) displays a two-dimensional cut of a typical
simulation where we plot the trapping potential and the
wave field. We keep the same forcing and dissipation
schemes and the parameters of case 1 and case 3 in Table I,
respectively. The results for both the direct and the inverse
cascades are shown in Fig. 3, superimposed with the
theoretical KZ spectra (solid lines) without any fitting
parameters. Once again, one can see a nearly perfect
agreement, which indicates robustness of our theoretical
predictions and their relevance to the past and future
experiments on BEC turbulence. It might be convenient
for comparison with experiments to rewrite our predictions
[Eqs. (12) and (10)] in dimensional form. In terms of the
reduced Planck constant ℏ, the interaction constant g and
boson mass m, they read (see SM [9])

direct : nk ¼ CdðP0ℏ=g2Þ1=3k−3ln−1=3ðk=kfÞ; ð13Þ

inverse : nk ¼ CiðjQ0jℏ3=2g2mÞ1=3k−7=3: ð14Þ

Note the nk is dimensionless and normalized such that N ¼R
nkd3k is the total number of particles per unit of volume.
Summarizing, in this Letter we have derived the sta-

tionary direct and inverse cascade KZ spectra [Eqs. (10)
and (12)], including, for the first time, the analytical
determination of the logarithmic correction in Eq. (12)
and the prefactor constants for both. Our predictions are in

FIG. 1. Wave action spectra for the direct cascade compensated
by theoretical prediction [Eq. (12)]. Data obtained by GPE at two
different resolutions and by WKE, respectively. Inset: corre-
sponding energy fluxes normalized by their values measured in
inertial range.

FIG. 2. Wave action spectra for the inverse cascade compen-
sated by theoretical prediction [Eq. (10)]. Data obtained by GPE
at two different resolutions and by WKE, respectively. Inset:
corresponding particle fluxes normalized by their values mea-
sured in inertial range.
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remarkable agreement, without any adjustable parameters,
with numerical simulations of the GPE and the WKE. Such
definitive agreement was possible thanks to considerable
higher than in the previous works resolution of the GPE
simulations and careful checks of the WT assumptions. To
our knowledge, we also presented the first simulations of
the associated WKE in the steady state regimes.
In the case of the direct cascade, previous works reported

a steeper −3.5 exponent [7]—a result which deviates from
the dimensional WT prediction −3. Several processes (a
residual role of vortices, the non-negligible incompressible-
flow energy, an increasing importance of quantum pressure)
were suggested in Ref. [7] as candidates for explaining the
experimental result but without an argument of why they
could lead to the k−3.5 spectrum. We do not think that such
additional processes are important and/or need to be
considered because the logarithmic correction in Eq. (12)
was derived without invoking other physical phenomena
than weak wave turbulence. It is convincingly confirmed by
our high-resolution numerical results and it agrees with the
experimental spectrum reported in Ref. [7] (see SM [9]).
Hence, we conclude that the spectrum k−3.5 is an approxi-
mation to the log-corrected KZ spectrum. Further, for the
first time, in our work the inverse cascade KZ spectrum is
observed numerically.

Our results are useful for laboratory experiments, and we
have validated them with simulations of GPE of a trapped
BEC. In the future, it would be particularly interesting to
have a stationary inverse cascade state experimentally
implemented. For this, one could use a similar forcing
technique as in Refs. [7,8], namely shaking the retaining
trap. In addition, one would have to devise a synthetic
dissipation mechanism removing low momentum atoms
which would prevent their accumulation (condensation)
near the ground state of the trap, thereby making a
statistically steady state possible.
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