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Abstract

Bogoliubov waves are fundamental excitations of Bose-Einstein condensates. They emerge from a per-
turbed ground state and interact nonlinearly, triggering turbulent cascades. Here, we study turbulent
Bose-Einstein condensates theoretically and numerically using the three-dimensional Gross-Pitaevskii
model and its associated wave-kinetic equations. We derive a Kolmogorov-like stationary spectrum for
short Bogoliubov waves and find a complete analytical expression for the spectrum in the long-wave
acoustic regime. We then use our predictions to explain the far-from-equilibrium equation of state
observed in recent turbulent quantum gas experiments, and to suggest future experimental settings.

1 Introduction

Turbulence, in the broad sense, is perhaps one
of the most striking manifestations of far-from-
equilibrium physics in Nature. In classical fluids,
it emerges when the forcing scale, at which energy
is injected, is well-separated from the one at which
it is dissipated by molecular viscosity. Energy is
then carried along scales through a turbulent cas-
cade driven by hydrodynamic interactions. An
analogous process occurs in nonlinear wave sys-
tems, where cascades are driven by the interaction
of waves having different wavelengths. When the
wave nonlinearity is weak, the Wave Turbulence
Theory (WTT) provides a comprehensive theo-
retical framework describing far-from-equilibrium
steady and evolving states [1]. The theory has

been successful in describing, for instance, the
dynamics of gravitational waves [2], Kelvin waves
on superfluid vortices [3], internal gravity waves
in the ocean [4, 5], Langmuir waves in plasmas [6]
and, more importantly for this work, matter waves
in turbulent Bose-Einstein condensates (BECs)
[7, 8.

One of the most interesting and important
regimes in BEC turbulence is realised when weak
waves propagate on a background of a strong
coherent ground state W, the condensate. These
excitations are the Bogoliubov waves, whose fre-
quency w is given by the dispersion relation,

wr = w(k) = csky/1+ (k£)?2/2, (1)



where k = |k| is the modulus of the wave vector
k, ¢s is the speed of sound, and £ is the heal-
ing length of the BEC at which dispersive effects
become important. The wave field ¥(x,t) can be
viewed as a ground condensate with superimposed
perturbations that U(x,t) = ¥o(x,t) + 0¥ (x,t).
Bogoliubov waves emerge when the condensate
amplitude |Wq| is significantly larger than the per-
turbations [0¥|, leading to quadratic nonlinearity
and 3-wave interactions.

Over the last few years, outstanding progress
has been achieved in realising turbulent BECs
experimentally, and they have become an excel-
lent platform for studying far-from-equilibrium
physics. Turbulent states are driven by external
forcing and dissipation, which results in an energy
flux Py through scales (which equals the energy
injection and dissipation rates). Such fluxes thus
play a role equivalent to that of temperature in
equilibrium thermal states. It is then natural to
ask if there is a universal far-from-equilibrium
equation of state (EoS) that relates energy flux
and internal observables, such as energy or parti-
cle momentum distribution. The clean and well-
controlled turbulent BEC experiments available
today [9], together with recent numerical simula-
tions of the Gross-Pitaevskii equation [10], have
led to revealing the existence of such EoS. They
have shown that the amplitude of the wave-action
spectrum scales with the flux as PO1 /3 followed by

a Pg/ 3 scaling for large flux. Whereas the PO1 /3
scaling can be understood within the WT'T invok-
ing 4-wave interactions, the second scaling-law
lacks explanation.

In the first part of the results, we obtain the-
oretical predictions for 3D BEC turbulence dom-
inated by interacting Bogoliubov waves, which
are then confirmed by our numerical simulations.
Among the most significant outcomes of our work
are the following stationary energy spectra of
Kolmogorov-Zakharov (KZ) type, which include
the universal constants, for the acoustic and short
wave limits, respectively:

E(k) = Crct/2Py*k73/2,
E(k) = Cycl/2¢5/2p} %k,

for k¢ <1, (2)
for k¢ > 1, (3)

where the wuniversal constants are derived
as C1 = 1/\/3n(r+4In2-1) and Cy =

23/4/. /7 (7 — 41n2). As an application of our the-

ory, in the second part of the results, we provide
a plausible theoretical explanation of the second
scaling law of the EoS observed experimentally
in [9]. This experiment used a cylinder-shaped
box trap that was shaken to excite turbulence
and which had a ”finite height” thereby providing
a dissipation (escape) of high-momentum parti-
cles. We re-analyse the experimental data of [9],
and show their agreement with our prediction of
. /2 .. . .

scaling F,’" arising from interacting short-wave
Bogoliubov modes. Our findings are important for
BECs in a broad context, and as they are uni-
versal and expected to be generically realisable in
turbulent systems, their impact thus goes beyond
the explanation of a particular experiment.

2 Results and Discussion

2.1 Stationary Kolmogorov-type
spectra for Bogoliubov waves

The master model for describing BECs is the
Gross-Pitaevskii equation (GPE) for the complex
scalar wave function ¥(x,t), where x is the posi-
tion in 3D physical space and ¢ is time. Defining
U such that |¥|? is the mass density, the GPE,
written in terms of &, ¢; and the unperturbed
(uniform) condensate mass density po, reads
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We have also included an external potential trap
V(x), a large-scale forcing F and a hyper-viscous
dissipation term D acting at small scales. In BEC
experiments, dissipation is achieved synthetically
by allowing high energy particles to escape from
the trap thereby removing energy from the sys-
tem. In our simulations we mimic this effect by the
hyper-viscous term which effectively acts on the
high-k particles only. Moreover, in experiments,
energy injection is provided by shaking the con-
fining trap. First, in our idealized simulations, we
set V' = 0, but we include an external forcing in
order to obtain a non-equilibrium steady state.
Then, we verify our predictions in a trapped BEC,
with an oscillating trap (and F = 0). The healing
length and the speed of sound depend both on the
physical properties of the BEC and on pg.



The GPE can be mapped to an effec-
tive compressible irrotational fluid flow via the
so-called Madelung transformation, ¥(x,t) =
Vp(x,t) explid(x,t)/V2¢s€]  with  p(x,t) and
¢(x,t) being the fluid mass density and the veloc-
ity potential, respectively. The Bogoliubov disper-
sion relation Eq. (1) is obtained by linearizing the
GPE, Eq. (4), in the absence of the potential,
forcing, and dissipation terms, considering pertur-
bations over the ground state, 6¥ = ¥ — , /pg, and
diagonalizing the linearized equations in Fourier
space.

In our theory, we consider scales much smaller
than the size of the potential trap, which allows
us to consider the large-box limit and V(x) =
0. Then, for weakly nonlinear waves, the lead-
ing order interaction occurs between the modes
satisfying 3-wave resonant conditions,
k=k +ko. (5)
In this limit, the WTT provides a wave-kinetic
equation (WKE) describing the evolution of the
wave-action spectrum nf = nB(k,t) which is
the Bogoliubov quasi-particle momentum distri-
bution defined in Eq. (17) in Methods. The general
WKE for weakly nonlinear waves driven by 3-wave
resonant interactions is [1, 11]

W = Wiy + Wk,

B
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5 (6)

with the wave-collision integral

Sty = 27 / (RYz — Rz = RZ;) dkidks,

Rify = 0520 (wia) V5[ [mid mid, — midmag, — mgnyl, ]

511(2 :5(k—k1 —kz),

5(“’]13) = 0(Wk — Wk, — Why)

(7)

where VI = V(k, k1, ko) is the 3-wave interaction
amplitude. For Bogoliubov waves
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where n; = n(k;) = /1 + (k:£)?/2 for i = 1,2,3.
The Bogoliubov WKE Eq. (8) was first derived
in [7] in a slightly different form with mistakes in
the prefactor. Finally, by assuming isotropy and
performing an angle average, the WKE becomes

o B
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(9)
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where Tf = n ng —ngng —ngnp (Methods).
Note that only resonant waves interact.
Acoustic limit. — In the large-scale limit
ki€ — 0, we have 1; — 1 and therefore wy, = csk;
— this is the acoustic-wave limit. Also, on the reso-
nant manifold Eq. (5), we have W33 — 1, and thus
Vi — Vov/k1kaks, consistently with the result in
[12]. The collisional integral of the WKE Eq. (9)
becomes as in the 3D acoustic WKE [13],
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(10)
where 6%, = §(k — k1 — k).

In [13], Zakharov and Sagdeev obtained
a Kolmogorov-type stationary solution for the
energy spectrum of 3D acoustic waves: E(k) =
47rk2wkng = c§/2P01/2k’3/2, the so-called
Zakharov-Sagdeev (ZS) spectrum. Here, the
energy flux P, is constant because of the station-
arity of the spectrum. An approximation of the
dimensionless constant C; was given in [13], as
well in a recent paper [14]. We derive its exact
analytical expression, and obtain the complete ZS
spectrum, Eq. (2) (Methods).

Note that the acoustic WKE Eq. (10), is
derived as an asymptotic limit of Eq. (9). Unlike
the 2D case where Sty oc €71 [12], in 3D ¢ cancels
out after angle averaging [11] leading to Eq. (10).
However, for its validity, a small amount of disper-
sion, naturally present in BECs, is still crucial in
the system to regularize the wave dynamics and
avoid singularities.

Short-wave limit. — In the small-scale limit
ké — oo, we have 1, — k&/V2 and Viy —



27/4V,673/2 /3. The collisional integral becomes
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where now wy = c£k?/ V2. Note that this colli-
sion integral coincides with the one for the finite-k
spectral part ng/ obtained from the 4-wave kinetic
equation via substitution nP = Nod(k) + nEl,
Ny = const; see e.g. [15].

To find the Kolmogorov-type spectrum in the
short-wave limit, we apply the standard proce-
dure provided by the WTT and seek a sta-
tionary power-law solution of Eq. (11), nP =
Ak™® A = const. This leads to Sty =
64V2m2A%(9¢4cs) k122 [ (x), with the dimen-
sionless collision integral

I(z) =
q1,9220

—2(¢f —1—q3)6(¢f —1— q%))dqldqz- (12)

The standard definition of the energy flux
is given by P(k) = - fok 47 ¢*w(q)St(q)dq =
%ﬂﬁvo?g*m?%k&% Constant  energy
flux, P(k) = Py = const, implies 2z — 6 = 0, i.e.
xz = 3 and I(3) = 0. Using the L’Hopital rule,
lim,_,5 I(z)/(x —3) = dI(z)/dx|s—3. We evaluate
this expression and find the steady spectrum,
Eq. (3) (Methods). This spectrum, as well as the
constant C in Eq. (2), are theoretical predictions
derived here. Note that the constants C; and Cy
are finite because the respective integrals defining
the energy flux are convergent, a property called
locality of the wave interactions (Methods). We
will now test these predictions numerically via
simulations of the GPE and the isotropic WKE.

2.2 Numerical validation of the
wave turbulence predictions

First, we numerically simulate the forced-
dissipated GPE, Eq. (4), setting pgp = 1 and
¢cs = 1, in a triply periodic cube with the side
length L = 27, and V(x) = 0. To focus on differ-
ent ranges with respect to the transitional wave

[ @y (a-a-asi-a - )

number ke = 1/, two high-resolution GPE sim-
ulations with ¢ = 1.25Az and & = 15Ax (Az
is the length of the grid spacing) are performed.
Such choices allow us to study the acoustic and
the short-wave limits separately. We set the initial
data with uniform condensate with |¥(0)|? = po,
a stochastic forcing then adds the wave distur-
bances, and we evolve the system until it reaches
a steady state, balancing between the large-scale
forcing and the small-scale dissipation (Methods).
We then perform averages over time. Also, we per-
form two isotropic WKE simulations: one of the
Bogoliubov WKE, Eq. (9), and the other of the
purely acoustic WKE, Eq. (10), with extra forcing
and dissipation terms similar to the ones used in
the GPE simulations (Methods).

The results of these runs in terms of the
energy spectra and the fluxes superimposed with
the respective theoretical predictions, Eq. (2) and
Eq. (3), are presented in Fig. 1. The energy fluxes
shown in Fig. 1(b) exhibit plateau ranges, with
P(k) = Py = const, in which the spectra are sta-
tionary and both forcing and dissipation effects
are negligible (the so-called inertial ranges). The
measured values of Py are then used for normal-
ising the energy spectra in Fig. 1(a). We can see
that each of the respective inertial ranges, for
both WKE (run 1 and run 2) and GPE (run 3
and run 4) simulations, are in excellent agree-
ment with our theoretical predictions (both for
the spectral slopes and the prefactor constants).
The longest inertial range, spanning for about
two decades, is realised in the acoustic WKE run
(run 2) with scaling spectrum Eq. (2) confirmed.
The Bogoliubov WKE run (run 1) produced two
scaling ranges in the large-scale and the short-
scale parts of the spectrum simultaneously (about
a decade-wide each). The GPE runs with small
and big values of £ produced one scaling each for
k&€ <1 (run 3) and k£ > 1 (run 4) . The scaling
range in the GPE run 3 is the narrowest among
all the simulations, but its spectrum agrees with
the Bogoliubov WKE simulation. In particular, it
exhibits a bump in the high-k part of the spectrum
close to the transitional wave number, k ~ k.
A similar bump was previously observed in GPE
simulations of [16], and it was called a ”disper-
sive bottleneck” since it is related to an increased
wave dispersion in this region of scales. Note that
our predictions are well confirmed by the GPE
simulations without any adjustable parameters.



In BEC turbulence experiments, the cloud is
always confined by an external potential trap. To
be more realistic, we perform two further GPE
simulations in a box-shaped potential trap of size
Liyap = 1.5m, with & = 1.25Az (run 5) and
¢ = 10Az (run 6), namely Ly, = 230.4¢ and
Lirap = 28.8€, respectively. We prepare ground
states so that the initial density inside the trap
is nearly constant with |[¥(0)|? = po. After that,
we shake the trap in both the z and y direc-
tions to introduce energy into the system until
the small-scale energy dissipation rate becomes
equal to the injection rate. We adjust the shak-
ing protocol and the dissipation parameters to
keep the system in the Bogoliubov regime ensur-
ing that at least 70% of the particles are staying at
k < kirap = 27/ Liyap. We measure the energy flux
Py by calculating the dissipation rate of energy on
small scales, in the same spirit as in [9] (Meth-
ods). Fig. 1(c) and (d) show the density snapshots
for runs 5 and 6, respectively. Although the pres-
ence of traps reduces the width of the inertial
range, Fig. 1(a) shows that the spectra obtained
with the potential trap remain consistent with the
WTT-predicted scalings in both regimes (run 5 for
k& ~ 0.08 — 0.5, and run 6 for k£ ~ 2 —8). On
the other hand, in both cases, the interaction with
the potential trap increases the effective spectrum
constants: by a factor ~ 4 in the acoustic regime
and ~ 1.2 for the short waves.

2.3 Short-wave equation of state
predicted by four-wave and
three-wave theories

Almost all BEC experiments relevant to wave tur-
bulence have been interpreted within the frame-
work of the 4-wave interaction theory [9, 17, 18],
which assumes that the wave perturbations §W
greatly exceed the condensate amplitude ¥, lead-
ing to cubic nonlinearity. Instead, in this work
we employ the short-wave solution derived above,
Eq. (3) governed by 3-wave interactions to inter-
pret the experimental results of Dogra et al. [9]
on the far-from-equilibrium EoS. Dogra et al.
analysed the particle spectra (occupation number
spectra) ny (which has a difference of prefactor
of 873 from the one we defined as Eq. (18) in
Methods) measured in the direct cascade of BEC
turbulence by fitting a scaling-law of k=39, with §
being an adjustable parameter. Note that at small

scales, our prediction Eq. (3) corresponds to a k=3
wave-action spectrum (equivalent to the particle
spectrum, in this case, up to a prefactor differ-
ence; see Eq. (20) in Methods), which coincides, up
to the log-correction, with the 4-wave prediction
found in [8]. This coincidence makes both spectra
good candidates for explaining the experimentally
found EoS, assuming that they correspond to the
short-wave range such that k€ > 1.

The direct cascade solution of the 4-wave
WKE found in [19], recast in a dimensional form,
reads

1
2.\ 3
_ 3, 1 [k _ m-e

(13)
where k¢ is the forcing wave number and Cyy, =
C’d(47r)_%, with Cq ~ 5.26 x 1072 being a uni-
versal constant. Here, m is the atom’s mass, A is
the reduced Planck constant, and a, is the s-wave
length. The energy flux € is defined as the energy
dissipated in the system per unit time per unit
volume.

In [9], the authors performed a series of
experiments with various parameters, interaction
strength a4, forcing intensity, and mean particle
density N such that N = [4rk?n; dk with the
definition of nj as in this paper. They obtained
the particle spectra amplitude n®*P by fitting the
experimental spectra with n; = n®Pk=32, and
discovered that employing the dimensional vari-
ables n®*P and e as two state variables results in
a non-universal EoS for different a, and N. Fur-
thermore, they empirically found that the depen-
dence of the non-dimensional spectrum amplitude,
Nexp/N versus the non-dimensional energy flux
€ = m?*h=3a;2N 3¢ collapses the experimental
data into a universal EoS. Theoretical prediction
Eq. (13) implies

n4w/N = C4w€1/3a (14)

which was confirmed in [9] for data points with
low values of €. However, at larger €, [9] reported
a steeper EoS, naw/N ~ €* with o« > 1/3. The
authors of [9] noted that « ~ 2/3 provides a good
fit implying a flux-dependence like the one of the
classical Kolmogorov hydrodynamic turbulence.
However, it is unclear how a state with the clas-
sical Kolmogorov turbulence could appear in this
experiment, considering that it is unlikely that



the cascade process is generated by vortices with
hydrodynamic properties. Indeed, such regimes
are usually attributed to states with polarised vor-
tex tangles at scales greater than the inter-vortex
distance [20], which do not seem to be relevant
to the considered experiment. Also, as noted in
[9], the Kolmogorov spectrum would imply a spec-
tral exponent —5/3 that is very different from the
observed exponent ~ —3.

Here, we suggest a plausible interpretation
of the steeper EoS. We propose that a stronger
ground-state condensate component could be
present for greater € making the system switch to
the 3-wave turbulence of short Bogoliubov waves,
implying v =~ 1/2 > 1/3.

Recasting our prediction Eq. (3) in the same
manner as in Eq. (13), we obtain (Methods)

2 3
— N3w m-e
ng = nawk *, N - Csw (W) , (15)

where Csy, = 2176/'73772 The dimensional Py in
Eq. (2) is related to € as € = po Py, since Py com-
plies with the standard definition of the energy
flux as the energy dissipation rate per unit mass
whereas € used in [9] is the energy dissipation
rate per unit volume. The EoS corresponding to
Eq. (15) is

ngw/N = C3W€1/2. (16)
This EoS looks similar to the 4-wave EoS Eq. (14):
both laws are of the form n/N = C é*. However,
one should not forget the important difference
between the 4-wave and the 3-wave case: the non-
normalised 4-wave EoS given by Eq. (13) does not
contain any N-dependence whereas the 3-wave law
given in Eq. (15) does involve N.

2.4 Re-analysis of the experimental
equation of state

The revised EoS based on the experimental data
points of [9] is shown in Fig. 2. Our proce-
dure is different from the one of [9]: for each
experimentally obtained spectrum n;*, we try
our two theoretical predictions, namely n; =

nSPE=3 In~3 (,%), and np = ngrk™3, inves-

tigate the compensated spectra n$®k®In'/ 3(k%)

and nj Pk®, respectively, and compute nj, and
exp . .

n5,, by averaging the corresponding compensated

spectrum in their plateau ranges, as shown in the

inset of Fig. 2(a) (see the Methods for an exam-
ple where the 4-wave prediction is selected). We
take the value of the spectrum amplitude, n®*P,
either nj, or ng. , depending on which is closer
to its corresponding prediction, mn4y Or nay. In
the other words, we find the best fit for the com-
pensated spectra in terms of the L'-norm. We
plot the fitting spectrum amplitude n®*P vs. the
flux € in Fig. 2(a), magenta for the points taken
with ny.’ and green for those taken with ng, .
The non-dimensional EoS is presented in Fig. 2(b),
in which the points split into two distinct clouds
and collapse onto a universal EoS. Note that in
[9], the authors reduced the spread of their EoS
by introducing two extra phenomenological fit-
ting parameters in addition to n®*P/N and é.
Our fitting procedure is based only on compari-
son with our two theoretical predictions without
introducing any adjustable parameters.

Fig. 2(b) also shows the theoretical 4-wave and
3-wave EoS predictions in which the constants Cly,,
and Cjsy are replaced by the mean values of the
respective constants obtained by fits of the exper-
imental spectra, (C.Y) and (C5.7). To provide a
visual indication of the fit quality, shaded bands
are added around the two fitted curves; they cor-
respond to one standard deviation in logarithmic
scale of the data relative to the fitted lines. We
see that the theoretical predictions are consistent
with the experimental data, with the 4-wave and
3-wave EoS in agreement with the low and high
€ parts respectively. The mean experimental con-
stants are nearly twice the theoretically predicted
values, (C5.0) = 2.2C5y and (ChF) ~ 2.4C4y.
The deviation of the experimentally measured
constants from their theoretical predictions is of
the same order as the spread (L®°-norm, AC®*P =
C=b — C7P) of the EoS data points from the

max
mean, AC5Y ~ 2.3C3, and ACLY & 1.7C4y.
Since there are no adjustable parameters in our
theoretical results and fitting process, and the-
oretical predictions are asymptotic for k& > 1
(which in experiments is not satisfied in a strong
sense, as k& = 4) we conclude that our theoretical
predictions reasonably agree with the experimen-
tal data. Our numerical simulations with shaken
traps, which more closely correspond to the exper-
imental setup, show that the interaction with the
trap tends to increase the effective constants of the
stationary KZ-type spectra relative to the corre-
sponding simulations without the trap. This trend



is also consistent with our previous study of [§],
and agrees with the observation that (CJ.X) >
Cyyw and (C5.F) > Csy. A possible explanation
is that, in the box-trap configuration, the zero
boundary conditions replace the plane-wave eigen-
modes of the homogeneous case by standing-wave,
sine-like modes. This significantly reduces the
number of active resonant modes and effectively
decreases the prefactor of the WKE collision inte-
gral. As a consequence, for a given flux, this tends
to produce a larger effective constant of the sta-
tionary KZ-type spectrum. This effect is expected
to be more pronounced in smaller systems, where
the available scale separation is insufficient. We
expect that in larger traps, the experimental mea-
surements would become closer to the universal
limit and their measured constants would tend
towards the predicted values. Nevertheless, further
studies of the inhomogeneity induced by traps and
respective systematic deviations in numerical (and
experimental) flux measurements are desirable to
better comprehend the finite size effects.

3 Conclusions

In summary, in this paper we have obtained
the Kolmogorov-type stationary spectrum of
forced-dissipated turbulence of short Bogoliubov
waves, Eq. (3), and we revised the long-wave
Kolmogorov-type spectrum including finding the
exact prefactor constant Cq, see Eq. (2). We have
validated these solutions, along with the com-
bined spectrum including both long and short
waves by numerical simulations of the GPE and
the isotropic Bogoliubov WKE. Our work relies
on the turbulence universality hypothesis, stating
that the inertial (non-dissipative) range spectrum
is insensitive to specific forcing and dissipation
mechanisms. Consequently, we adopted stochastic
forcing and hyperviscous dissipation to maximize
the inertial range, as is customary in turbulence
simulations. Our predictions were also tested in
more realistic settings, by using an oscillating
external trap to force the system.

We used the short-wave spectrum derived
in this paper for interpreting the (previously
unexplained) experimental Equation of State of
Ref. [9]. To test our theory in future experi-
ments, the realisability of Bogoliubov-wave turbu-
lence in both asymptotic limits should be further
examined. For the short-wave regime, although

the present comparison with [9] already shows
a reasonable agreement at k€ ~ 4, a cleaner
quantitative verification of the asymptotic pre-
diction would benefit from experiments reaching
larger values of k&. For the long-wave acoustic
regime, future verification is expected to require
sufficiently large systems, with Liyap/§ of order
100. In the short-wave regime, one should addi-
tionally check: (i) whether a strong ground state
is present for strong forcing cases, because in
the Gross—Pitaevskii model the relevant interac-
tion depends on the background on which the
fluctuations propagate: the three-wave description
applies when |¥o| > |dU|, whereas the four-
wave description applies in the opposite limit
|To| < |60[; (ii) whether, for these cases, the
measured spectrum corresponds to waves shorter
than the healing length and with amplitudes
weaker than the ground state. A plausible route
to the three-wave regime in the experiment is
that, at large fluxes, the turbulent steady state
is established before substantial long-time con-
densate depletion occurs, so that the short-wave
fluctuations still propagate on a strong conden-
sate background during the measurement window.
At lower fluxes, by contrast, the steady state
is established more slowly (see Fig. 2(a) of [9]),
and the longer waiting time may allow stronger
condensate depletion, thereby favouring the four-
wave regime. This interpretation, however, still
requires direct experimental verification. It should
be emphasised that, within the WTT framework,
the three-wave and four-wave regimes correspond
to distinct asymptotic limits, namely [¥q| > [0V
and |Po| < |6P|, respectively. It is natural to
expect that some points in a real experimental
system do not fall into either of the two ideal lim-
its, but rather lie in an intermediate range where
|Tg| ~ [0¥]. This may contribute to the remaining
variance between our predictions and the exper-
imental data. Therefore, our classification of the
experimental points in Fig. 2 is meant to iden-
tify the dominant scaling behaviour and should be
understood as a leading-order interpretation. The
transitional regime corresponds to stronger waves
whose statistics is no longer described by standard
WTT. A future model is anticipated to describe
short scales in this transitional regime, where the
condensate amplitude and fluctuation amplitude
are comparable.



Although the non-dispersive acoustic ZS spec-
trum is not the main topic of this work, it is
an interesting side result that we would like to
comment on. We find a way to regularize the
WKE of non-dispersive acoustic waves for the
3D isotropic case, but get a different prefactor.
Consequently, the ZS spectrum comes with a big-
ger constant (Methods). In recent work [14], the
authors numerically obtained the ZS spectra in
3D acoustic wave systems, and different values of
constant were reported for the dispersive and non-
dispersive cases. The constant observed in [14] for
the non-dispersive acoustic system is smaller than
the one for the dispersive system, unlike what
we get here. Their paper offers an explanation
based on a numerical observation of an anisotropy
(i.e. presumably the isotropic spectrum is unstable
with respect to anisotropic perturbations). Note,
however, that the model acoustic-wave equation
studied in [14] was different from the compressible
Euler equation or GPE. Thus, the question about
the acoustic wave spectrum arising in the non-
dispersive Euler equation merits further study.

Methods

Wave-kinetic equations and steady
Kolmogorov-type spectrum

The starting point to derive the 3-wave interaction
amplitude Vg5 in Eq. (8) is to rewrite the Hamil-
tonian of the second order Hy into the canonical
form of Hy = Yywyakay, then the wave-action
spectrum is defined as

k= (L) G, (17)

where the problem is considered in an L-
periodic box. As a consequence, one rewrites
the Hamiltonian of third order into Hz =
> 103 Vo (a1abal +c.c)d3 5 and gets the inter-
action amplitude. In Supplementary Note 1, we
provide two methods to derive V. Just to men-
tion one of the two methods here, we first assume
U(x,t) = Uo(1 + ¢(x,t)), such that [¥o|? = po,
(¥(x,t)) =0 and |[¢| < 1, and define the Fourier
series as ¥(r) = Ype™®*. We obtain aj from
Yk by finding a linear Bogoliubov transformation,
and this allows us to find the relationship between
the particle spectrum (ignoring the zero mode),

defined as

LY o, L\?,
me= (g2 ) QmPyjm=(52) Qohm/m,
(18)
and the wave-action spectrum nZ. One should
note that we define the particle spectrum so that
N = [4rk?*nydk, where N is the mean parti-
cle density. A different convention was used in [9]:
the particle spectrum was defined in the way that
N = ﬁ [ 4rk*nydk. This difference in notation
has to be taken into account when dealing with
the experimental data.

In the acoustic limit, ¥y — 25ﬁ(ak —a*,).
Assuming that ay and a_x have the same ampli-
tude and independent random phases (consistent
with the so-called random amplitude and phases
assumption in WWT plus the isotropy assump-
tion), one gets

Po B
= 19
ke 2mé QCsknk (19)
In the short-wave limit, we have 1, — Lo,
\/§Cs£
which results in
Po B
N = ——"Nj . 20
k \/ﬁmcsf k ( )

To obtain isotropic WKE, we calculate the
angular average of the Dirac-§ function of
wavevectors in Eq. (7), A = (§(k — k; — ky))
(see Supplementary Fig. 1), yielding A = kkzlﬂkg .
Remarkably, we discover that for the degenerate
resonant manifold of non-dispersive sound waves,
Apondisp = #ﬂcy which regularizes the 3D non-
dispersive isotropic WKE of acoustic turbulence.
Nonetheless, to make sense of the WKE, one
should take the limit of the large box first, followed
by the angle average, and finally the large time
limit (small nonlinearity). The resulting isotropic
3D acoustic WKE has the same form as Eq. (10),
except that the prefactor is now 272V /cs. In
Supplementary Note 1, we present a revised, rig-
orous derivation of the WKE Eq. (9), and the
parametrisation of the resonant manifold defined
by Eq. (5).

We seek for stationary power-law solutions of
wave-kinetic equations using the standard WTT
procedure [1]. We provide all the technical infor-
mation in Supplementary Note 2, including the




calculation and locality analysis, while the main
text outlines the essential steps. Supplementary
Fig. 2 presents the dimensionless collision inte-
grals I(z) in their convergence windows. Note
that for the non-dispersive acoustic case, we have
P(k) = 83V A2 L@ [9-2% in which the non-
dimensional collision integral I(z) is the same as
the one for dispersive acoustic waves, and obtain

V2

C(1 nondisp — . (2 1 )
MR Br(dn2 4+ — 1)

run model N, Kmin Kmax ky s
T | Bogoliubov WKE | 32768 | 1 x 10 2/¢ 200/€ 0 1
2 acoustic WKE 8196 1x10~% 1 0.01 2

run model fo Aky B ka
1 Bogoliubov WKE 1.032 x 10™F 1.5 x 10~ 2 1 80
2 acoustic WKE 2.419 x 106 0.028 1 0.6

run model 3 Np « kr fa ¥
3 GPE 1.25Az | 960 3 260 1079 [ -1
4 GPE 15Axz 576 4 300 104 -1
5 GPE 1.25Az | 384 3 128 — —
6 GPE 10Az 384 4 200 — —

Table 1 Parameters used in the simulations.
Parameters for Gross-Pitaevskii equation (GPE) and
wave-kinetic equation (WKE) simulations. For the WKE
runs, N, is the number of grid points, kmin and kmax are
the minimum and maximum wave numbers of the
computational domain, k¢ is the forcing wave number, s
is the forcing exponent, fq is the forcing amplitude, Aks
is the forcing bandwidth, and 8 and kg4 are the
dissipation exponent and dissipation wave number. For
the GPE runs, ¢ is the healing length, N, is the number
of collocation points per spatial direction, « and kgr are
the hyper-viscous dissipation exponent and reference
wave number, and f2 and 7 are the amplitude and
correlation-time parameters of the stochastic forcing.

Numerical simulation methods

We perform GPE simulations using the standard
massively-parallel pseudo-spectral code FROST
[21] with a fourth-order Exponential Runge-Kutta
temporal scheme [19]. We use grids of N colloca-
tion points so that the grid length is Az = L/N,,.
The forced-dissipated GPE Eq. (4) is used for
the GPE runs 3 and 4, with stochastic forcing
term supported on a narrow band (1 < k <
3) and obeying the Ornstein—Uhlenbeck process
AdF(t) = —yUydt + fodWi where Wi is the
Wiener process. The parameters v and fy con-
trol the correlation time and the amplitude of
the forcing, respectively. In addition, the conden-
sate amplitude (at k = 0) is kept constant during
evolution. Dissipation is implemented through the

operator D in Eq. 4. In Fourier space,Qits action
is D(k) = Dyly, where Dy = (%) * repre-
senting a smooth hyper-viscous damping acting
at small scales. Finally, the k-space energy fluxes
P(k) are computed directly using the GPE Eq. (4)
(see Supplemental Materials of [12]). We verify
that the simulated WT is in a weakly nonlinear
regime by measuring spatio-temporal spectra of
U(x,t) and confirming that they are narrowly con-
centrated around the dispersion curve Eq. (1) (see
Supplementary Note 3 and Supplementary Fig. 3).

To simulate BEC with a potential trap, we
set a box trap and release the constraint on the
k = 0 mode. The potential term reads V(x) = 0
for coordinates satistying |z|, |y|, |2| < Ltrap, and
Vbox () = Up otherwise. Up = 1000y is the value
we select for the GPE runs 5 and 6. p = mc?
is the chemical potential. We obtain the ground
state using the imaginary-time scheme with this
box trap. We then add energy by replacing the
forcing term ¢F in Eq. (4) by a shaking poten-
tial term Vis.(x,t), namely, iF = Vis.(x,t) =
Az sin(wrest) + Aycos(éwrest). Note that we
shake the trap in both x and y directions to
isotropize the system, which is particularly neces-
sary to obtain acoustic waves at relatively large
scales. The factor 1/5/2 is chosen so that the
ratio of the shaking frequencies in the z and
y directions is irrational. This makes the driv-
ings in the two directions effectively independent,
while keeping the frequencies as close as pos-
sible. The shaking amplitude is set as A =
0.544/ Lrap and the frequency is set as the Bogoli-
ubov frequency of the trap, which is wyes =
cskirap/1 + (ktrap&)?/2. Dissipation is set in the
same way as in the periodic case, but the con-
densate amplitude is not fixed. The energy flux is
estimated under the stationary-state assumption
from the total dissipation by Py = 2 [ Dy E(k)dk.
This provides a practical flux normalisation for
the weak-wave-turbulence-dominated regime con-
sidered here, especially in the high-k range where
the dissipation acts and the nonlinear contribu-
tion is expected to remain very weak. The density,
sound speed, and healing length used in Fig. 1(a)
for runs 5 and 6 are the effective values inside the
trap when the system gets stationary.

We simulate isotropic WKE using the
code WavKinS [22]. Similarly to the GPE,
we also include a forcing term of the form



fi = fokse_(k'_kf)Q/Ak? and dissipation term
—(k/kq)Pny, in the right-hand side of WKE Eq. (9)
and Eq. (10). The code uses a logarithmic mesh
{ki = CX,i = 1,...,N,}, where X is cho-
sen in order to span the integration domain
[Kmin, Kmax]- Inter-mesh values are obtained using
a linear interpolation that ensures positivity. The
collision integral is a 1D integral obtained by
making explicit use of the parametrisation of
the resonant manifold provided in Supplemen-
tary Note 1. Integrals are performed using the

trapezoidal rule, after performing a change of
kit1

variable in the following manner [ G(p)dp ~
ki

2 (G(kit1)kis1 + G(k;i)k;). We make an approx-

k1
imation of [ G(p)dp ~ k1G(k1) for the integral
0

on the first bin. Finally, we use a Runge-Kutta-2
time marching method, with an implicit scheme
for the dissipative term.

All essential numerical parameters for the
WKE and GPE runs are given in Table 1. The
parameters in each run were chosen to maxi-
mize the inertial (non-dissipative) range of k in
the regime at which this specific run is focused:
large-scale acoustic, small-scale Bogoliubov, or the
regime containing both large- and small-scale WT.

Equation of state predicted by
four-wave and three-wave theories
and fitting method

In reference [8], the constant energy flux solution
in the 4-wave regime was derived analytically and
confirmed numerically. Its log-corrected spectrum
reads

i = Ca (eh/g®) k=B k/ke).  (22)

Substituting g = 4wh%as/m into the above
equation, one gets the equation of states of
Eq. (13).

We recall the relationship between the particle
spectrum and the wave-action spectrum for short
Bogoliubov waves Eq. (20), and substitute nE =

ﬁfjm(m, the KZ solution Eq. (3), and Py =

€/po into it. This gives

1/2
_ %Po/ 51/261/216—3.

— 23
4 mcS/Q (23)

ng

Then we express the parameters ¢, £ and pg in
terms of h, m, as; and N by the definitions £ =

,/%,cs = ,/fnig,gzélﬁhzas/m, and pg = mN.

Finally, one gets

Cy mel/?

T 9UT/Ag2 B32 N1 2,

Nk k3 , (24)

and consequently the EoS Eq. (15).
In generating Fig. 2, each experimental spec-
trum is fitted using the 4-wave prediction n; =

nSPE=31n"3 (/ka) and the 3-wave prediction

nk = ngw k™3, respectively, yielding the experi-

mentally obtained spectrum amplitude ng,’ and

nga . To determine the most suitable candidate
between these two models, the theoretical ampli-
tudes ngy and ngy are calculated using Eq. (13)
and Eq. (15). The model is then selected based on
the computed ratio njy /nay and ns,y /ngy, pri-
oritizing the one whose ratio is closer to unity. An
explicit example in which the 4-wave prediction is
selected is shown in Fig. 3, corresponding to the
left-most data point in Fig. 2(a). Note that the
vertical-axis scale in Fig. 2(a) differs from that in
Fig. 4(a) of [9], because a different convention for
n(k) is used here, differing by a factor of 1/(873),
as explained earlier in the Methods.

Declarations

Author contribution. Y.Z., G.K., and S.N.
designed research; performed research; and wrote
the paper.

Conflict of interest. The authors declare no

competing interest.

Data Availability. The numerical data under-
lying Figs. 1-3 and Supplementary Fig. 3 are
provided as Supplementary Data with this paper.
The raw numerical simulation data generated in
this study are stored on institutional storage facil-
ities and are not publicly deposited because of
their large size, but are available from the cor-
responding author upon reasonable request. The
experimental data from Ref. [9] were obtained
from the Apollo repository [23].

Code  Availability. The Gross-Pitaevskii
equation simulations were performed using
the pseudo-spectral code FROST, which is



available from the corresponding author upon
reasonable request. The wave-kinetic equation
simulations were performed using the open-
source code WavKinS, which is available at
https://github.com/gkrstulovic/ WavKinS.jl

[22]. The scripts used for data post-processing
and figure generation are available from the
corresponding author upon reasonable request.

Funding. This work was funded by the Simons
Foundation Collaboration grant Wave Turbulence
(Award ID 651471). Y.Z. and S.N. acknowl-
edge support from ANR through the project
VORTECS (Grant No. ANR-22-CE30-0011).

Acknowledgements. This work was provided
with HPC and storage resources of IDRIS and
CINES under the allocations A0152A14637 and
A0172A14637 made by GENCI on the Jean Zay
(SKL partition) and Adastra (GENOA partition)
supercomputers. This work was granted access to
the OPAL infrastructure from Universit’e Cote
d’Azur, supported by the French government
through the UCAJEDI Investments in the Future
project managed by the National Research Agency
(ANR) under Reference No. ANR-15-IDEX-01.

References

[1] Nazarenko, S. V. Wave Turbulence Vol. 825
of Lecture Notes in Physics (Springer, Berlin,
Heidelberg, 2011).

[2] Galtier, S. & Nazarenko, S. V. Turbulence
of weak gravitational waves in the early uni-
verse. Phys. Rev. Lett. 119, 221101 (2017).

[3] L'vov, V. S. & Nazarenko, S. Weak turbu-
lence of Kelvin waves in superfluid He. Low
Temp. Phys. 36, 785-791 (2010).

[4] Caillol, P. & Zeitlin, V. Kinetic equations and
stationary energy spectra of weakly nonlinear
internal gravity waves. Dyn. Atmos. Oceans
32, 81-112 (2000).

[5] Galtier, S. Weak inertial-wave turbulence
theory. Phys. Rev. E 68, 015301 (2003).

[6] Zakharov, V. E. Collapse of Langmuir
waves. Sov. Phys.-JETP 35, 908-914
(1972). URL http://jetp.ras.ru/cgi-bin/dn/
e.035_05_0908.pdf.

[7] Dyachenko, S., Newell, A., Pushkarev, A.
& Zakharov, V. Optical turbulence: weak
turbulence, condensates and collapsing fila-
ments in the nonlinear Schrédinger equation.
Physica D 57, 96-160 (1992).

[8] Zhu, Y., Semisalov, B., Krstulovic, G. &
Nazarenko, S. Direct and inverse cascades in
turbulent Bose-Einstein condensates. Phys.
Rev. Lett. 130, 133001 (2023).

[9] Dogra, L. H. et al. Universal equation of state
for wave turbulence in a quantum gas. Nature
620, 521-524 (2023).

[10] Martirosyan, G., Fujimoto, K. & Navon, N.
Equation of state for turbulence in the Gross-
Pitaevskii model. Phys. Rev. Lett. 136,
153401 (2026).

[11] Zakharov, V. E., L’vov, V. S. & Falkovich, G.
Kolmogorov spectra of turbulence 1. Springer
Series-in Nonlinear Dynamics (1992).

[12] Griffin, A., Krstulovic, G., L'vov, V. S. &
Nazarenko, S. Energy spectrum of two-
dimensional acoustic turbulence. Phys. Rev.
Lett. 128, 224501 (2022).

[13] Zakharov, V. E. & Sagdeev, R. Z. Spectrum
of acoustic turbulence. Sov. Phys. Dokl. 15,
439-441 (1970).

[14] Kochurin, E. & Kuznetsov, E.  Three-
dimensional acoustic turbulence: Weak versus
strong. Phys. Rev. Lett. 133, 207201 (2024).

[15] Diiring, G., Picozzi, A. & Rica, S. Break-
down of weak-turbulence and nonlinear wave
condensation. Physica D 238, 1524-1549
(2009).

[16] Krstulovic, G. & Brachet, M. Dispersive bot-
tleneck delaying thermalization of turbulent
Bose-Einstein condensates. Phys. Rev. Lett.
106, 115303 (2011).

[17] Navon, N., Gaunt, A. L., Smith, R. P. &
Hadzibabic, Z. Emergence of a turbulent cas-
cade in a quantum gas. Nature 539, 72-75
(2016).


http://jetp.ras.ru/cgi-bin/dn/e_035_05_0908.pdf
http://jetp.ras.ru/cgi-bin/dn/e_035_05_0908.pdf

[18]

[20]

[21]

Moreno-Armijos, M. et al. Observation of
relaxation stages in a nonequilibrium closed
quantum system: Decaying turbulence in a
trapped superfluid. Phys. Rev. Lett. 134,
023401 (2025).

Zhu, Y., Semisalov, B., Krstulovic, G. &
Nazarenko, S. Testing wave turbulence the-
ory for the Gross-Pitaevskii system. Phys.
Rev. E 106, 014205 (2022).

Polanco, J. 1., Miiller, N. P. & Krstulovic,
G. Vortex clustering, polarisation and circu-
lation intermittency in classical and quantum
turbulence. Nat. Commun. 12, 7090 (2021).

Krstulovic, G. A theoretical descrip-
tion of wortex dynamics in superfluids.
Kelvin waves, reconnections and particle-
vortex interaction. Habilitation a diriger des
recherches, Universite Cote d’Azur (2020).
URL https://gkrstulovic.gitlab.io/thesisms/
hdr-krstulovic/.

Krstulovic, G. & Labarre, V. WavKinS:
Wave kinetic solver (2024). URL https://
gkrstulovic.gitlab.io/project /wavkins/.

Dogra, L. H. et al. Research data supporting
“Universal equation of state for wave tur-
bulence in a quantum gas” (2023). URL
https://doi.org/10.17863/CAM.96408.


https://gkrstulovic.gitlab.io/thesisms/hdr-krstulovic/
https://gkrstulovic.gitlab.io/thesisms/hdr-krstulovic/
https://gkrstulovic.gitlab.io/project/wavkins/
https://gkrstulovic.gitlab.io/project/wavkins/
https://doi.org/10.17863/CAM.96408

@ 10° -+ Bogoliubov WKE (run 1) ©
i acoustic WKE (run 2)
—— GPE (run 3) === GPE (run 5 with trap)
1 -=-- GPE (run4) =---- GPE (run 6 with trap)

%
%

< 10'4
~
=
s

100‘

(d)
10—1<
(b)

- 100<
a5
~

= ]
]

1072

Fig. 1 Numerical validation of the Kolmogorov-Zakharov type spectra for Bogoliubov waves. (a) Dimen-
sionless energy spectra E(k)/+/csPo€3 obtained from wave-kinetic equation (WKE) and Gross-Pitaevskii equation (GPE)
simulations, plotted versus the dimensionless wave number k¢ and compared with the theoretical predictions Eq. (2) and
Eq. (3). Here E(k) is the energy spectrum, k is the wave number, c; is the sound speed, Py is the constant energy flux mea-
sured in the inertial range, and £ is the healing length. Run 1 is performed using the Bogoliubov WKE Eq. (9) and contains
both the acoustic, or long-wave, and short-wave regimes, whereas run 2 uses the three-dimensional acoustic WKE Eq. (10).
The GPE runs 3 and 4 are obtained for homogeneous cases with stochastic forcing, and runs 5 and 6 are obtained with a
shaken potential trap. All the GPE runs are optimised such that the inertial range extends through the scales of interest.
(b) Corresponding energy flux spectra P(k) normalised by Py for runs 1-4. (c) Snapshot of density for GPE run 5 to verify
the prediction in the acoustic limit. (d) Snapshot of density for GPE run 6 to verify the prediction in the short-wave limit.
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Fig. 2 Reconstructed equation of state from experimental spectra. The equation of state (EoS) is regenerated
from the experimental data of Ref. [9]. (a) Particle spectrum amplitude n®*P versus energy flux ¢, where € equals the
energy dissipation rate per unit volume. The amplitude n®*P is taken either as nZ):vp, shown in magenta and fitted by the
4-wave prediction Eq. (13), or as ng’;p, shown in green and fitted by the 3-wave prediction Eq. (15). The fitting procedure

is indicated by the inset of (a): each experimental particle spectrum nz’(p, where k is the wave number, is compensated by

k3 1nl/ 3(kﬁi) and k3, respectively, where k¢ is the forcing wave number. The fitted amplitudes ngr and ngt’p are calculated

by averaging the corresponding compensated spectrum on a plateau range. We take n®*P, nifvp or ng)‘fvp depending on

which is closer to the corresponding theoretical prediction, n4w or nsw, calculated from Egs. (13) and (15), respectively.
(b) Non-dimensional particle spectrum amplitude n®*P /N versus non-dimensional flux ¢ = m2h~3a; 2N 3¢, where N is
the mean particle density, m is the atom mass, as is the s-wave scattering length characterising interaction strength, and
h is the reduced Planck constant. Theoretical predictions Cuwél/3 and Csyel/ 2 together with the fitted curves obtained
by replacing C4vw and Csyw by the mean fitted constants <Czap> and (C’g";})), are superimposed. The shaded bands around
the latter two curves indicate one standard deviation of the logarithmic deviations of the data points from the fitted lines,
computed separately from 16 data points assigned to the 4-wave branch and 136 data points assigned to the 3-wave branch.
The horizontal error bars indicate the flux uncertainties provided in the original experimental data; no additional statistical
averaging was performed in this work to obtain these error bars.
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Fig. 3 Example selecting the four-wave prediction.
Experimental particle spectrum nZXP compensated by k3
and k3 In'/ 3(k%), and normalised by the corresponding 3-
wave and 4-wave theoretical spectral amplitudes n3y, and
N4w, respectively, where k is the wave number, £ is the
healing length, and k¢ is the forcing wave number. The
spectrum corresponds to the leftmost point in Fig. 2(a).
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